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Comprehensive Examination [Mathematics 11, 12, 13, 25]

1.

(3]

Evaluate each limit or determine that it doesn’t exist.

A
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(¢) lim (sinz)?¥
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Evaluate each integral.
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January 29, 1999

(a) Let n be a positive integer. Derive a formula for f(Inz)"dz in terms of [(Inz)?~!da.

(b) Use part (a) to compute [(Inz)*dz.

. (a) State the ¢-6 definition of lim F(z) = L.

I —

(b) Give an ¢4 proof that lim 3z —7 = -1

xTr—

In each case determine whether the given series converges absolutely, converges conditionally,

or diverges.
o0 2
n
a
(2) n>=:l n3 + sin(n)
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6. Find the radius of convergence of the power series E E3:1))3 z"
7.
n=_

2 rx
7. Consider the double integral / / r dydx
0 Jo

(a) This integral represents the volume under some surface over some region in the z-y plane.

What is the surface? What is the region?

(b) Express the integral in polar coordinates.

%. Find a function f such that v f = (22y — cos ) n +($2 + 2y sin(y?)) 7

9. Pind the critical points of ny— 22 —yQ and classify them as to local maximum, local minimum,

or saddle point.

10. (a) Define what it means for a function f(z,y) to be differentiable at a point (zg, yg).
(b} State a theorem whose conclusion is that a function is differentiable.

(c) Give an -6 proof that f(z,y) = z2 + y? is differentiable at (0,0).

11. Suppose that 7" : V — W is a linear map between vector spaces. If vy,...,vn are vectors

in V such that T'(vy),...,T{vn) are distinct and linearly independent in W, then prove that

vi,...,tn are linearly independent in V.

1 1 2
12. Suppose that 7': R? — R? is a linear map which satisfies T <2> = (0) and T(l) = (2)

{a) Find a 2 x 2 matrix A such that T(;) = A(;) for all vectors (;) € R2.

(b) Is T" an isomorphism? Justify your answer.

13. Let
0 0 1
A=1]2 -1 A
3 0 2

(a) Find all eigenvalues of A.

{b) For which value of A is A diagonalizable? Justify your answer.
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Work the following four problems. Record vour answers in the blue book provided. PLEASE
SHOW ALL YOUR WORK.

I. Suppose ¢ : (¢ — (' is a homomorphism of groups and .V is a normal subgroup of /. Let
N={ae(:oa)e N'}. Show that V is a normal subgroup of G.

2. Let & be a finite group. Suppose z and y are distinct elements of order two in (¢ such that
Ty = yx. Show that the order of G is divisible by 4.

3. Let R be a commutative ring with a multiplicative identity, and let I be an ideal of B. Show
that /[ is a field if and only if I is a maximal ideal of R.

+. Let & be a field. Show that a cubic polynomial f(z) € k[z] is irreducible in k[z] if and only if

f(x) has no roots in k.
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March 26, 1999

Do the following three problems. Record your answers in the blue book provided. PLEASE SHOW
ALL YOUR WORK.

1. (a) Complete the following definition: Let {fn(z)},= be a sequence of real valued functions

(s
defined on a set 4 of real numbers. The infinite series Z JSn(z) converges uniformly on
n=1
A to the function ¢(z) if...
(b) State the Weierstrass M-test.

(¢) Prove the Weierstrass M-test.

2. Let the sequences {an};2 | and {bn}>2, of real numbers converge to real numbers A and B
respectively. Using the definition of convergence of a sequence, give a rigorous proof that the
sequence {ap + bp}o2 | converges to A + B.

3. (a) State the Completeness Axiom for the real numbers.

(b) Let a and b be positive real numbers. Prove that there exists an integer n such that na > b.
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Comprehensive Examination [Mathematics 11, 12, 13, 25] January 30, 1998

1. Evaluate each integral:

(a) /ln(l/:c) dz

2
(b) A Vd—22de

+0oo 1
(c) / —————dz
4 T4 - br+6

2. Evaluate each limit or determine that it does not exist:

. 3z
(@) lim (1-2/2)

. \/4x2+l
(¢) lim ————-—

r——0o0 Jr+1

3. Let f be a real-valued function defined on an open interval containing the point ().
(a) Define what it means for f to be differentiable at z.
(b) Prove that if f is differentiable at z, then f is continuous at z.

(c) Is the converse of (b) true? Give a proof or counterexample.

4. Let C' be the curve given by parametric equation z = cos3 ¢; y = sind¢ for0 <t < /2.
{a) Find dy/dz at the point where t = 7 /6.

(b) Find the length of C.



5. (a) In each case determine whether the given series converges or diverges. Give reasons.

i) Z nsin{l/n)
n=1
11) Z CZOj-nl

e (=3)(n!
i) E ——-———~( ()Qn(;:, )
n=1

2"(2z = 3)"

\/___

(b) Find all values of & for which the series Z converges. Give reasons.

n=1

6. A rectangular box with edges parallel to the coordinate axes is inscribed in the ellipsoid 922 +
3y 4+ 22 = 9. What is the greatest possible volume of such a box?

-1

. Let Fz,y,2) =2 - 2y — z.
(a) Find the directional derivative of F" at (1,2,3) in the direction from (1, 2,3) to (2, 4, 1).
(b) What is the least possible directional derivative of F at (1,2, 3)?

(c) Let S be the surface F(z,y, z) = 1. Is the vector ¥ = (1,2, 3) perpendicular to the tangent

plane to § at (%, 2, 3)‘7 Explain your reasoning.

8. Let R be the solid bounded above by the sphere 22+ y + 2% = 12 and below by the cone

V3z = v/z? + y?. Suppose that R has density d(z,y,z) = z. Set up three triple integrals
giving the mass of R, one in rectangular, one in cylindrical, and one in spherical coordinates.

Then evaluate one of your three integrals.

9. (a) Sketch a graph of the polar-coordinate curve r =1 +cos 8 for 0 < § < 2.

(b) Evaluate the line integral /C(x3 + y3 —y)dz + (Bxy2 + y3) dy, where C is the curve of (a)

oriented counter-clockwise.



10. Let V' and W be vector spaces over a field 7 and let T be a linear transformation from V to
w.

(a) Prove that the nullspace N(T') of T (also called the kernel of T') is a subspace of V.
(b) Prove that 7' is one-one if and only if N(T) = {0}.

(c) Show that if T'is one-one and {Zy,...,Zp} is a set of n linearly independent vectors in V,
then {I'(Z}),...,T(Zn)} is linearly independent in W.

11. The set of solutions of the homogeneous system of equations

T+ 2y +3w =0
r+2y+z4+20w =0
z+2y+ 3z ={

forms a subspace of RY. Find a basis for this subspace.

12. Define the linear transformation 7" from R? to R? by T'(z,y) = (y, —4z + 1y).
(a) Is T invertible? If so, find the formula for T‘l(x, Y).
(b} Find the eigenvalues of T.

{(c) Prove or disprove: T is diagonalizable.
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Work the following four problems. Record your answers in the blue book provided. PLEASE
SHOW ALL YOUR WORK.

1. Let 53 denote the symmetric group on {1,2,3} and let ¢, 7 € Sg denote the permutations

0_123 d 7«123
"F\2 1 3 ¢ “\2 3 1

Consider the subgroups H =< ¢ > and K =< r > of 53 generated by o and r respectively.
Are H and K normal subgroups of S37 Prove your answer for each.

2. Let G be a group and let I(G) ={z € G|z =z"1}.
(a) Show that if G is abelian, then I'(G) is a subgroup of G.
(b} Give an example of a group G for which I(G) is not a subgroup of G.

{(c) Show that if G is finite and I(G) # {e}, then G must have even order.

3. Recall that if R is a commutative ring and a € R, then (a) = {ra|r € R} denotes the principal
ideal of R generated by a.

(a) Show that (5) is a maximal ideal of the integers Z.

(b} Show that (5) is not a maximal ideal of the Gaussian integers Z[i] = {a + bi | a,b € Z}.

4. Let R be a commutative ring with identity 1, and let [ and .J be ideals of R. Suppose there

are elements ¢ € [ and y € J such that r +y = 1.

(a) Show that I +.J = R.

(b} Define ¢ : I — R/J by ¢(a}) = a+ J for all « € I. Show that if /" .J = (0), then o is an
isomorphism of [ onto R/J.
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January 30, 1998

Work the following three problems. Record your answers in the blue book provided. PLEASE
SHOW ALL YOUR WORK.

1. (a) State the Completeness Axiom for the real numbers.
(b) Prove that the square root of 2 is not a rational number.

(c) Let z be a real number. Give an example of a sequence of irrational numbers which
converges to z. (You may use the result of part (b) even if you did not do that part.)

2. State and prove a theorem having the following hypothesis: Let y = f(z) define a continuous

function fora < z < b.

o0 Zn
3. Consider the series E —-
A n!
n=

(a) Prove that this series converges uniformly on (-77,66].

(b) Using the definition of uniform convergence, explain as best you can why this series fails to
converge uniformly on (—co,0]. (Hint: You may wish to identify the function represented

by this series.)
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1. Evaluate the following limits.

6. I'ind all values of 2 for which the series Z

zet —In(1+ z)

- l' .
(a) lim 3

r—(
by i 1—e %)
(b)  fim (1-e7%)
Evaluate the following derivatives.

xT
) i/ sec® 840
dz Jy

d
(b) = F(f(t),9(t)), where F(z,y) is a differentiable function of z, y and f(t), g(t) are differ-

entiable functions of ¢

Evaluate the following integrals.

> dz
(a) / o
/ / inidy dz

o Lo

. (a) State the Mean Value Theorem.

(b) Let f be a differentiable function on the interval (a,b) with the property that f'(e) >0
for all ¢ in (a,b). Use the Mean Value Theorem to prove rigorously that f is increasing on

(a,6).

For each of the following series, determine if it converges or diverges. Give reasons for your

answers.

o
z2n

2”\/77

converges.

n=1



7.

10.

11.

12.

Let f(r,y) = {J—;—« (2,4) # (0,0)
0 (z,y) = (0,0)

(a) Compute f2(0,0) and f,(0,0).
(b) Prove that f is differentiable at (0,0).
(c) Is f continuous at (0,0)? Explain your reasoning.

Given point P = (1,2) and Q = (2,1), let v be a path in the plane not going through (0,0)

which connects P to @.

(a) Explain why the line integral

/ 10z e+ 10y )
dx dy
¥ (2:2+y2)2 ($2+y2)2

gives the same answer for all possible 7.

(b) Find the value of the line integral in part (a).

Consider the region in 3-dimensional space bounded above by the hemisphere z = /8 — 27 — &7

and bounded below by z = /22 + yz

(a) Express the volume of this region using cartesian coordinates, cylindrical coordinates and

spherical coordinates.

(b) Evaluate one of the integrals found in part (a).

(a) Define what it means for a real number A € R to be an eigenvalue of an n x n matrix
A € Mpyn(R).

(b) Find all eigenvectors of the matrix

b

i
b = RO
S o
-

Let @y,..., 7} be linearly independent vectors in a vector space V', and let ¥ € V. Prove that
U, U}, ..., U} are linearly independent if and only if & € Span (¥,...,0;).

Let L : R% — R2 be a linear map.

(a) Can L be one-to-one? Explain your reasoning.

(b) Describe how you would construct a 2 x 3 matrix A with the property that L(v) = A7 for
all 7 € R3.



Work the following four problems. Record your answers in the blue book provided.
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PLEASE

SHOW ALL YOUR WORK.

L.

[

Suppose & is a nontrivial group (i.e., ¢ # {¢}) whose only subgroups are the trivial group {¢}

and itself. Show that (¢ is a cyclic group of prime order.
Suppose that o is a permutation in the alternating group A4y given by
1 23 4 5 6 7 8 9 10
4 7 2 6 10 1 5 3
where the images of 8 and 9 have been lost. Determine the images of 8 and 9 under 0. What

is the order of o7

Let R be a commutative ring and let I be a proper ideal of R. I is said to be a prime ideal of
Rif, forall @, b € R, ab € I implies a € [ or b € I. Prove that R/I is an integral domain if and
only if I is a prime ideal. (You may assume that R/I is a commutative ring in your proof.)

Let R[z] denote the ring of polynomials in & with real coefficients, and let C denote the field

of complex numbers. Define a map ¢ : Rlz] — C by ¢(p(x)) = p(i), where 7 is the usual

complex number satisfying 2 = —1. You may assume that ¢ is a ring homomorphism.

(a) Show that the kernel of ¢ is (22+1), the principal ideal of R[] generated by the polynomial
2
e+ 1.

(b) Show that R[z]/(z?2 + 1) is isomorphic to C.
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Work the following three problems. Record your answers in the blue book provided. PLEASE
SHOW ALL YOUR WORK.

1. (a) Complete the following definition: The real number P is an accumulation point (also

known as a cluster point) of the set 4 of real numbers if. . .

(b) State the Bolzano-Weierstrass Theorem.

(c) Complete the following definition: Let f be a real valued function defined on the set A of
real numbers. Then f is uniformly continuous on A if. ..

2. (a) Prove that the sequence {e7}2 ) converges uniformly on (1, co).

0
(b) Prove that series Z z" does not converge uniformly on (0,1).
n=0

3. The goal of this problem is to prove that if f : [a,b] — R is continuous and fla) >0, f(b) <0,

then f(c) = 0 for some c in (a, b).
(a) Explain how this result easily follows from the Intermediate Value Theorem.

(b) Give a direct proof of the result which uses only the definition of continuity and the
properties of the real numbers. Hint: Prove carefully that the least upper bound of the set
{o € [a,0] : f(z) > 0} exists and is in (a,b). Let ¢ denote this least upper bound. Then

prove carefully that f(c) = 0.
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Comprehensive Examination [Mathematics 11, 12, 13, 25] February 2, 1996

ZcosT —sinz

1. (a) Use L'Hépitals rule to evaluate lim 5
T T
. . . . . ISinT —Ccoss
(b) Use the power series expansions of sinz and cosz to evaluate lim -—_i?-&gb—{
r— z
r? -1

(c) Evaluate x_]i.njoo PR

(d) Evaluate lig—l @+ 1)V where a > 0.
X3 4+00

2. Evaluate the following integrals.
(a) [rtan~lzdz
(b) [(F(2))%(In )% dz, where F(z) = [f(nt)? dt
() [.(1-zy)dz+ (= + y2) dy, where C is the boundary (oriented counterclockwise) of the
square with vertices (0,0), (1,0), (1, 1) and (0, 1).
3. (a) State the Mean Value Theorem.

(b) Use the Mean Value Theorem on the interval [1, z] to show that e* > ez when 2 > 1.

4. For each of the following infinite series, determine if it converges absolutely, converges condi-

tionally, or diverges. Give reasons for your answers.

X (2n)!
(a) Z 37(1(712)2

n=0

ad 1

(b) Z n(lnn)3

— (=)™ 1)
© > 5

n=1]
5. For what values of z does the following series converge? Justify your answer.

i cos™
n+1

n=0




6. Let f(z,y) be defined by

f((l:,y):{% (lvy)#(0,0)
0 (zvy): (0,0)

(a) Show that fz(0,0) and fy(0,0) exist.

(b) Is f(z,y) differentiable at (0, 0)7 Give full reasons for your answer,

7. Let F(m,y):z2+y2—2x—2y.

10.

11.

12.

(a) Find the critical points of F(z,y) and classify them as to local maximum, local minimum
or saddle point.

(b) Find the absolute minimum and maximum values of F{z,y) subject to the constraint

2?2+ y2 = 8.
(c) By combining parts a and b, determine the absolute minimum and maximum values of

F(z,y) in the region 22 + y2 < 8. Explain your reasoning.

Find the volume of the region inside the cylinder #2 + y2 = a® which lies between the planes
z=0and z =2 +a. (Here, a > 0 is a constant.)

Let V and V' be vector spaces over a field /" and let T : V — V/ be a linear transformation.,
FW CV i let W={veV:T(v)e W'}, Show that if W’ is a subspace of V', then W is a

subspace of V.

Let V' = My, 9(R) and consider the subspaces W) = {A €V :Ais symmetric}, Wy = {4 ¢
V:tr(A) =0} and W3 = {4 € V : Ais a diagonal matrix}.

(a) Find bases for Wy, Wy and Wy. You do not need to prove that you have found a basis.
(b) Carefully compute dim (W} 4 W3) and dim(Wy + Wjy).

Suppose the linear transformation 7 : R? — R? satisfies T(1,1) = (3,2) and T(2,1) = (5, 4).
(a) Find a formula for T'(z, y).

(b) Is T invertible? If so, find T~ 1(z, y).

Define 7' : R® — R3 by T(z,y,z) = (3z + 3y,32 + 3y, -3z + y + 4z).

(a) Compute the rank (7) and the nullity n(T).

(b) Prove or disprove: T is diagonalizable.
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Work the following four problems. Record your answers in the blue book provided. PLEASE
SHOW ALL YOUR WORK.

1. (a) State the Completeness Axiom for the real numbers.
(b} State the Bolzano-Weierstrass Theorer.
(c) State the Intermediate Value Theorem for Continuous Functions.
(d) Complete the following definition: Let f be a real-valued function defined on the set A of

real numbers. If @ € A, then f is continuous at a if and only if .. ..

[e.¢]

2. Let {an} 2, and {bn}52 | be convergent sequences of real numbers, with respective limits A
and B. Using the definition of convergence of a sequence, prove that the sequence {an+bn}n:l

converges to 4 + B.

3. Let [ be a real-valued, continuous function on the closed, bounded interval [a,d]. Assuming
that f is bounded on [a,b], prove that f takes on a maximum on [a, 8], i.e., that there must

exist ¢ € [a, b] such that f(c) > f(z) for all z € [a, b].
4. Consider the sequence of functions {z" nel
(a) Prove that this sequence converges uniformly on [0, %]

(b) Prove that this sequence does not converge uniformly on [0, 1].
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SHOW ALL WORK.




Comprehensive Examination [Mathematics 11, 12, 13, 25] February 3, 1995

1. (a) Find a positive rational number and a positive irrational number both smaller than 0.00001.

z+5
<90
2r—-17

(b) Find the solution set for

2. Find the following limits or show that no limit exists.

2

1-2

a) lim ——%
<)z—+2 z2 -4

(b) i tanz

m "
z—0 sin2z

(¢) tljrg (ft] — t), where [t] is the greatest integer less than or equal to t.

lim Tyt y3
(z,9)—(0,0) =2+ y2

(d)

3. (a) Find the equation of the tangent line to :1:23/2 + 3zy = 10y at (2,1).

(b) Find the local extreme values of f(z) = (sinz)%/3 on [—%, %71} For which values of z is

f increasing, decreasing, concave up, concave down?

4. Evaluate:

(a) /‘1 tand z dz
0
2

(b) / Inzdz
1

(c)/ L s, a>0

2.2
42,
(d) / L e¥" dydz (Hint: Change the order of integration.)
0 Jg (3,5)
N
(e) / zy2 dz + :l:y2 dy along C' = Cj U Cq U (3, where Y c
C 3 \ <
(0,2) (3,2)
<y




5. (a) Do the following series converge absolutely, converge conditionally, or diverge? Give rea-

sons.

(i)l+l+l+£+
2 4 6 8 7

—~, k
(“);lnk-i—l

i) S krk, fr < 1.

k=1
o0 ) n2
: +
(xv)’;(-l)” =
2 3
ind the convergence set for the series 1 4+ (z + 2) + + + ...
b) Find th g for the series 1 2 (22,2) (23,2)

(¢) Find the Taylor series in (z — a) through the term (z — a)3 for cosz, where a = %

6. (a) Find the area enclosed by the graph of the polar equation r = 4 sin 36.

(b) Find the volume of the tetrahedron bounded by the coordinate planes and the plane 3z +
6y+4:-12=0.
7. The temperature of a ball centered at the origin is given by T(z,y,2) = 5'{——1:52'{91,024——25

(a) By inspection decide where the ball is hottest.

(b) Find a vector pointing in the direction of greatest increase in temperature at (1,-1,1).

(¢) Does the vector in part (b) point toward the point where the ball is hottest?

8. Determine if F = (4173 + 9z2y2) T +(6:c3y + 6y5) 7 is conservative, and if so find a function
f of which it is the gradient.
9. Let V be a vector space over a field " and let W} and W9 be subspaces of V.

(a) Show that Wi + Wy is a subspace of V.

(b) Give an example to show that W} U Wo need not be a subspace of V.



1 2 3
10. Is the real matrix (2 4 5) invertible? If so, find its inverse.
3 5 6

11. Define T : R3 — R3 by T(z,y,2) = (3z — 2y, —2z + 3y, 5z). Find all the eigenvalues of T
and determine whether or not T is diagonalizable.

12. Let T be a linear transformation on a finite-dimensional vector space V over R and suppose
that 72 = T.

(a) Show that V = N(T) & R(T).

(b) Show that T+ I is invertible, where I is the identity transformation on V.



AMHERST COLLEGE
Department of Mathematics and Computer Science
COMPREHENSIVE EXAMINATION: MATHEMATICS 26

February 3, 1995

Work the following four problems. Record your answers in the blue book provided

PLEASE SHOW ALL YOUR WORK.

1. Let ¢:G — G’ be a homomorphism of groups and suppose « € G has order n > 1.

(a) Show that the order of ¢(x) divides n.

(b) Prove that if the order of G' is relatively prime to n, then x is in the kernel of ?.

2. Let G be a group and define Z(G) = {g € G | ga = ag for all « € G}.
(a) Show that Z(G) is a subgroup of G.
(b) Show that the subgroup Z(G) is normal in G.
(¢) Prove that if the quotient group G/Z(G) is cyclic, then G is abelian.
3.

Suppose R and R' are rings and ¢: R — R’ is a ring homomorphism with kernel K .
Suppose A’ is a subring of R’ and let A = {a € R | (a) € A'}.
(a) Show that 4 is a subring of R and that A contains K.

(b) Prove that if A’ is an ideal of R', then A is an ideal of R.

4. Let F be a field and let p(r) be a polynomial in Flz] of degree 3. Write p(r) =
aze® 4+ azx? 4 ay.e + ag with ag, ap,az,az € F. Prove that if there is no element r € F

such that p(r) = a3r® 4+ a,r* 4+ ayr + ag = 0, then p(z) is irreducible in Flr].
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Work the following four problems. Record your answers in the blue book provided. PLEASE
SHOW ALL YOUR WORK.

1. Let f and g be functions, f, g: R — R, and let a € R.. Suppose f is continuous at a and g is
continuous at f(a). Prove that g o f(z) = g(f(z)) is continuous at a.

2 Lt 1:3-5---(2n — 1)
. . ... n —_—
Sn— 2'4'6“'(27!) y n—1,2,3,---
. 1
Prove that {§5}72 ; converges and nli»néo Sn < 5

3. State and prove the Bolzano-Weierstrass Theorem.

fz)=) e ™" (0<z<10)

n=0

(a) Does this series converge uniformly on [0,10)?

(Hint: Find the maximum value of ze™%.)

(b) Find the sum of the series representing f(z).



