
Math 211, Multivariable Calculus, Fall 2011
Midterm I Practice Exam 2 Solutions

1. Find a parametric equation for the line formed by the intersection of the two planes

2x+ 2y − z = 1 and x− 3y + 4z = 3.

Solution: A vector v in the direction of the line will be perpendicular to the normal
vectors for both planes. A suitable v is therefore given by

v = 〈2, 2,−1〉 × 〈1,−3, 4〉
= 〈(2)(4)− (−1)(−3), (−1)(1)− (2)(4), (2)(−3)− (2)(1)〉
= 〈5,−9,−8〉.

A point on the line with z = 0 satisfies

2x+ 2y = 1, x− 3y = 3

so
2x+ 2y = 1, 2x− 6y = 6

so
8y = −5

and so y = −5/8 and x = 9/8. Therefore (9/8,−5/8, 0) is a point in both planes.
Therefore the parametric equation for the line of intersection is

r(t) = 〈9/8,−5/8, 0〉+ t〈5,−9,−8〉.

Comments: You could do this more directly by fixing at the beginning z = t, so that the
parameter along the line is just the z-coordinate. The x- and y-values then satisfy

2x+ 2y = 1 + t, x− 3y = 3− 4t.

Now we can solve for x and y in terms of t. Substituting x = 3y + 3 − 4t into the first
equation we get

6y + 6− 8t+ 2y = 1 + t

and so

y =
9t− 5

8
.

Therefore

x = 3y + 3− 4t =
−5t+ 9

8
.

This then gives the parametric equation

r(t) =

〈
−5t+ 9

8
,
9t− 5

8
, t

〉
.

This is not the same as the answer above but it does give the same line. (It is a different
parametrization of the same line.)
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2. Find a parametric equation for the tangent line to the curve given by

r(t) = 〈et, tet, t2et〉

at the point (e, e, e).

Solution: The formula for the tangent vectors to this curve is

r′(t) = 〈et, et + tet, 2tet + t2et〉.

The point (e, e, e) is equal to r(1) so we are interested in the tangent vector when t = 1.
Therefore, the tangent vector to the curve at (e, e, e) is equal to

r′(1) = 〈e, 2e, 3e〉.

So the line we want is the line in this direction through the point (e, e, e). This is given
by

s(u) = 〈e, e, e〉+ u〈e, 2e, 3e〉.

Comments: The important thing here is to make sure you substitute in the relevant value
of t, that is, t = 1. This is because we are interested in a specific tangent vector at a
given point on the curve. I used a different name for the parameter in the line than for
the parameter in the curve because they are very different things. If you use t again
that confuses the issue because you are using t to mean two different things. It’s still
correct if you use t in the final answer, but you are more likely to confuse yourself and
get something wrong.

3. Find the arc length of the spiral

r(t) = 〈e−t cos(2t), e−t sin(2t)〉

between the points (1, 0) and (eπ, 0).

Solution: We have

r′(t) = 〈−e−t cos(2t)− 2e−t sin(2t),−e−t sin(2t) + 2e−t cos(2t)〉
= e−t〈− cos(2t)− 2 sin(2t),− sin(2t) + 2 cos(2t)〉.

Therefore

|r′(t)| = e−t
√

(− cos(2t)− 2 sin(2t))2 + (− sin(2t) + 2 cos(2t))2

= e−t
√

cos2(2t) + 4 cos(2t) sin(2t) + 4 sin2(2t) + sin2(2t)− 4 sin(2t) cos(2t) + 4 cos2(2t)

= e−t
√

5 cos2(2t) + 5 sin2(2t)

= e−t
√

5

We want the arc length between the point (1, 0) which is t = 0 to (eπ, 0) which is t = −π.
This is given by the integral∫ t=0

t=−π
e−t
√

5 dt =
[
−e−t

√
5
]t=0

t=−π

= (−
√

5)− (−eπ
√

5)

=
√

5(eπ − 1)
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Comments: To keep the algebra as simple as possible, I recommend factoring out the
copy of e−t, as I did above. You see that I also used the fact that

sin2(2t) + cos2(2t) = 1.

Notice how the terms involving sin(2t) cos(2t) cancel out. You might be tempted to do
the integration from t = 0 to t = −π which would give you a negative answer. A length
cannot be negative (though the arc length function can be) so your answer should be
positive.

4. Let a > b > 0. Find the curvature of the ellipse

r(t) = 〈a cos t, b sin t〉,

at the point (a, 0).

Solution: We have
r′(t) = 〈−a sin t, b cos t〉

and
r′′(t) = 〈−a cos t,−b sin t〉

so
r′(t)× r′′(t) = 〈0, 0, ab sin2 t+ ab cos2 t〉

so
|r′(t)× r′′(t)| = ab.

We also have
|r′(t)| =

√
a2 sin2 t+ b2 cos2 t.

Therefore the curvature is

κ(t) =
ab

(
√
a2 sin2 t+ b2 cos2 t)3

.

The point (a, 0) is given by t = 0 so the curvature there is

κ(0) =
ab

b3
=

a

b2
.

5. Let u(s) be an arc length parametrization of a curve C. Show that the curvature of C at
the point u(s) is given by

κ(s) = |u′′(s)|.

Solution: Since u(s) is an arc length parametrization, we have

|u′(s)| = 1.

Therefore

T(s) =
u′(s)

|u′(s)|
= u′(s).
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The curvature is then

κ(s) =
|T′(s)|
|u′(s)|

=
|u′′(s)|

1
= |u′′(s)|.

Comments: It’s easier to use this formula for the curvature for theoretical problems, and
the one used in question 4 for calculations. The fact that the speed is constant and equal
to 1 is the key feature of an arc length parametrization and most of the time you will
want to use this feature in any problem involving an arc length parametrization.
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