Confidence Intervals

October 8th
________________________________________

1) Learn how to use sample data to make an inference about the population parameter.

2) Define and learn how to calculate a confidence interval.

3) Meet a new friend for life: (
4) Meet a new kind of test statistic: t
5) Learn how to calculate a CI when n is small.

Rites of Passage

________________________________________

Today is the day that you will make the transition from being boy/girl statisticians to Wo/Man Statisticians.

Today, we will learn how to make a Statistical Inference.

Last Class: What makes for a good estimator?
	
	High Variance
	Low Variance

	Biased
	
	

	Unbiased
	
	


This class: How reliable is our estimate?  

In other words: how sure can we be that the mean - our estimate of ( - 

Big Y Example

__________________________________

You are the new CEO of Amherst Super Statisticians (ASS) and your first big client is Big Y.  The folks over there want to know how many times a month a typical customer visits their store.

Problem: The Big Y folks want you to determine a 
Solution: Collect a sample of data and use that to 

OK, What next?


What are you going to do with the sample data?

Who stole my calculator?

________________________________________

Problem: Someone in this class borrowed my calculator for the first exam and never returned it.  Probably I should just get over it and buy a new $5 calculator, but I feel a strong need to punish someone for this heinous crime.  

Solution: 

Concerns: 

________________________________________

This is how are going to estimate (.  

Mean: 


S: 



The logic

_________________________________________

What do we know?

a) Mean of our sample (estimate of ()

b) SD of our sample (estimate of ()

c) (M = (, and (M = ((/(n)

d) The mean of our sample has to fall somewhere within 
How will that help us?

· We know that there is a 95% chance that M falls within 2 standard error units of (.

· Therefore, there is also a 95% chance that ( falls within 2 standard error units of M.
Key Definitions

________________________________________

Interval Estimator - (or confidence interval) a formula that tells us how to use sample data to calculate 

Confidence Coefficient – probability that an interval estimator encloses the population parameter – that is, the relative frequency with which the interval estimator encloses 

99% CI  - gives the range in which we are 99% confident that the population parameter falls.  
Another potential beating offense…

________________________________________

The XX CI means that we are XX% sure that the mean of the population falls within the specified range.

________________________________________

It DOES NOT MEAN that xx% of the population falls within the specified range.  

It DOES NOT MEAN that xx% of the population falls within the specified range.  

It DOES NOT MEAN that xx% of the population falls within the specified range.  

It DOES NOT MEAN that xx% of the population falls within the specified range.  

It DOES NOT MEAN that xx% of th0065 population falls within the specified range.  

Formula for CI

________________________________________

Varies depending on a few factors

a) Are we looking for the CI for a… 


mean?


proportion?

b) Are ( and (…


known?


unknown?

c) Is the sample we are using…


large?


small?

100(1 - ()% Confidence Interval for (
________________________________________
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[image: image1.wmf](

)

x

z

M

s

a

·

±

2

/


Note: 
[image: image2.wmf]2

/

z

a

 is called the 
or

CI =  
[image: image3.wmf]÷

ø

ö

ç

è

æ

·

±

n

z

M

s

a

2

/


When n ( 30, then s can be used as 

CI =  
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A new friend for life: Who/What is (?

________________________________________

We are going to define ( as the area that lies in the 

Therefore, if we want to know the 90%CI, 10% of the curve must lie outside the range in question. 

( = .10 and (/2 = .05.

	CONF. LEVEL
	Area in both tails
	Area in 1 tail
	Critical Value

	100(1- ()


	(
	(/2
	Z(/2

	90%


	.10
	.05
	1.64

	95%


	.05
	.025
	1.96

	99%


	.01
	.005
	2.57


Losing Consciousness

​​________________________________________

Let's try to calculate the CI for the mean # of times that AC students report being knocked unconscious (not drinking themselves unconscious). Let’s say you people are very clumsy.  I take a sample of 25 AC undergrads and find that the mean of the sample is 4; let’s assume that I know that σ = 2.  What is the 95% CI for (, the mean number of times that college students are knocked unconscious?

100(1-() Confdence Interval for (
 =   
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 ( z(/2 s / (n


M = 4


s = 2
sM = 2/ ( 25 = .4


( = .05. so (/2 = .025 

Look up Z(Tail = .025) = 1.96

So, 95%CI 
= 
4 ( 1.96(.4)

= 
4 ( .784




95%CI = [3.216 – 4.784]

So, we are 95% sure that the mean of the population lies between 3.216 and 4.784.

Increasing the Sample Size (n)

________________________________________

Let’s say I collected a sample of 100 folks and got the same mean, and standard deviation:


4 ( 1.96 (.2)


95%CI = [3.608 – 4.392]

So, we are 95% sure that the mean of the population lies between 3.216 and 4.784

___________________________________________

Q: Why does the CI shrink if the mean and standard deviation remain the same?



A: Because SE is affected by n.

Q: I took 4 times as many n, but my interval only decreased by a factor of 2?!?


A: Because we divide ( by square root of n!

___________________________________________

You can also interpret the CI to give you a sense of where your sample mean should fall: 

95% of samples [3.116 – 4.784] 
(if n = 25)

95% of samples [3.608 – 4.392] 
(if n =100)

Why would we want to know this?


Help evaluate sampling technique.

CI when n is large: Ice Cream example

________________________________________

Let’s say we are thinking about opening a Ben & Jerry’s here in Amherst.  We contact B&J and they tell us that B&J’s are only successful in towns where the mean income is at least $30,000.  Based on the sample data below, can we be 95% confident that the mean income for the entire city is at least $30,000?  


N





=
900


Mean of the sample 

= 
$32,400


S of the sample


= 
$18,000

So, 
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 = 32,400


s = 18,000


SE = 18,000 / ( 900 = 600


z = 1.96

95%CI = 32,400 ( 1.96(600) = 32,400 ( (1.176) = 

[31,224 – 33,576].

Should B&J’s approve our application?

CI when n is large: Let’s go Duke

________________________________________

Believe it or not, there are some people who don't think that Duke will win the NCAA tournament this year.  Let's say that you want to measure the average intelligence of Duke Doubters.  Problem is you could only find 196 DDs on this whole campus.  The mean of your sample was 90 and the standard deviation was 90.  Calculate the 95% CI for the IQ of DDs.

Based on this information, would you conclude that DDs are below average in intelligence (average IQ = 100)?

Estimating the sample size: Missing class

________________________________________

President Marx received a complaint from a parent that her poor son Biff is always late to class because he does not have enough time to get from one class to another.  This concerns our President so he decides to figure out how long it takes students to get from class-to-class on average.  Assume he wants to be 90% sure that his estimate of ( is within .25 minutes either way.  How many data points will he have to sample if the results of previous research suggest that ( = 1.5?



n = [(z(/2 ( () / E]2


n = [(1.64) (1.5) / .25]2



n = (9.84)2


n = 96.8256

Should you round up or down?

Mercury in your tuna?

________________________________________

I am a big consumer of tuna fish, so I was chagrined to learn that there was some concern over whether commercially caught and packaged tuna contained dangerously high levels of mercury.  Let's say mercury concentration is measured in milligrams.  For how many tuna would you have to measure mercury concentration in order to estimate ( within 5 milligrams, if ( = 20 mg and ( = .05?

Small Sample Confidence Intervals

________________________________________

When do we use this technique?  


When ( and ( are unknown AND n < 30.


Assumption: 

How is small sample method different from large-sample method?

Test statistic:

How does t compare to z?

Similarities:  


Differences:  

· t is not 

· t is more  

· produces more extreme values

But most important difference

· z is independent 

· t is dependent 

What are degrees of freedom?

________________________________________

All you need to know for now is that 


df =
Why?

If mean = 12, and n = 5, then (x = _____.

________________________________________

	1st
	2nd
	3rd
	4th
	5th…?

	0
	0
	0
	0
	

	1
	2
	3
	4
	

	10
	11
	12
	13
	

	13
	15
	13
	19
	


Thus, the first four items are free to be anything, but in order for the mean to equal 12, the last value is fixed.

Small Sample CI: Green Acres is the place to be!

_________________________________________

You are thinking about establishing an ostrich farm after graduation and want to know about how much ostrich food an ostrich eats.  You sample 9 ostriches and find that the average food consumed is 6 pounds with a standard deviation of 1.5.  What is the 99% CI for the amount of food consumed by an average ostrich?


M ( t(/2 * s / (n 


6 ( 3.355 * (1.5) / (9 


6 ( 3.355 * (.5)


6 ( 1.68


[4.32 – 7.68]

What's with some people?

________________________________________

Believe it or not, there are some people who don't think that Duke will win the NCAA tournament this year.  Let's say that you want to measure the average intelligence of Duke Doubters.  Problem is you could only find 28 DDs on this whole campus.  The mean of your sample was 90 and the standard deviation was 60.  Calculate the 95% CI for the IQ of DDs.

Based on this information, would you conclude that DDs are below average in intelligence?

Estimating the sample size: Small samples

________________________________________

Let’s say that is too rough of an estimate.  You need a more accurate estimate so you know how much your expenses will be.  More specifically, you want to know to within .5 pound, how much each ostrich will eat with a confidence of 95%.

n = [(t(/2 ( s) / E]2
Calculating a Confidence Interval

________________________________________

Let's calculate the 90% CI for the number of pairs of shoes that students in this class own.  I can’t think of any reason why anyone would want to know this, but maybe one of us has issues with feet.  

Here's what we need to do:


1) Collect a sample of data (n=4)

2) Calculate the mean and SD and SE of the sample.


3) Find the critical value for t.

4) Plug the values from 2) and 3) into the formula.

Large sample CIs about a proportion: Flu example

________________________________________

In a random sample, 136 of 400 people given a particular flu vaccine experienced some discomfort.  Construct a 95% CI for the true proportion of people who will experience some discomfort from the vaccine.  

(Note: Must show that ( ( 3( is a legal observation)

n 

= 
400

p 

= 
x / n
=
136 / 400 
=
.34

z(.025)
=
1.96


p
(
z((/2) ([p(1-p) / n]


.34
(
1.96 ([(.34)(.66) / 400


.34
(
1.96 (.024)


.34
(
.046

95% CI  = [.294 - .386]

TP Example

________________________________________

In a semi-random sample of 77 college students, 65% said that a roll of toilet paper should be hung such that the leading edge hangs over the front.  Construct a 99% CI for the true proportion of college students who feel this way.  

Estimating the sample size for proportions

________________________________________

Concealed Weapons Laws

We believe that 75% of the voters in the great state of Massachusetts oppose any law that would allow people to carry concealed weapons.  How many voters would we have to sample in order to be 90% sure that our estimate of the true population would be no more than ( 5%? 

n
=
p(1-p)(z(/2 / E)2

=
.75(.25)(1.64 / .05)2

=
.1875(1082.41)


(
203

What if we don't know p?

________________________________________

If p = .50 (and (1 – p) = .50) then p(1 – p) = .25; otherwise it is less than .25.  Therefore, we can estimate the number of people we will need to generate an estimate with a certain error, even if we have no idea what the population parameter is. 

Suppose you are running for Grand Poobah of (((, everyone’s favorite Stats Honor Fraternity.  You want to assess your chances of winning so you can decide whether to order non-alcoholic beer or non-alcoholic champagne for the post-election celebration.  Assuming you have no idea how many people are actually going to vote for you, how many people would you need to survey so that you could be 99% certain that your estimate would be within 1% of the proportion of votes you will actually get?

n 
= 
p(1-p)(z(/2 / E)2

n
=
.25(2.575 / .01)2


=
.25(257.5)2
· 16,577

If we relax our criterion slightly

________________________________________

99%
.02

4145

.03

1842



.04

1036

.05

  664

The most often used values for public opinion surveys are: a 95% CI with an error of ( 3%.  Such a survey requires 1067 respondents.  
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