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Abstract
In this Appendix, I give two positive implementation results that define the bound-

aries of Theorem 3 in my paper, E�cient Auctions for Normal Goods. The paper

studies e�cient multi-unit auction design when bidders have private values, multi-unit

demands, and positive wealth e↵ects. Theorem 3 states that if bidders have single-

dimensional types, then there is no mechanism that satisfies (1) IR, (2) dominant

strategy incentive compatibility, (3) ex post Pareto e�ciency, (4) no subsidies, and (5)

monotonicity. In this appendix, I show that we obtain a positive implementation result

if we remove either the no subsidies restriction or the monotonicity restriction.

A Non-Monotonic Mechanism

In this section, I show that there is a mechanism �nm that satisfies (1) individual rationality,
(2) (dominant strategy) incentive compatibility, (3) (ex post Pareto) e�ciency, and (4) no
subsidies in a setting where N � 3 bidders with single dimensional types compete for two
homogenous goods. The proof is constructive and illustrates the necessity of monotonicity
as a hypothesis in Theorem 3. Moreover, the mechanism is symmetric. Thus, mechanism
�nm also shows that symmetry is not a su�cient condition for monotonicity.

It is without loss of generality to present mechanism �nm from the perspective of bidder
1, because it is a symmetric mechanism. Moreover, it is without loss of generality to assume
that ✓2 � ✓3 � ✓j8j 2 {1, . . . n}. The mechanism has an allocation rule q

nm
1 (✓1, ✓�1) where

q

nm
1 is characterized by the first unit cuto↵ rule d. If bidder 1’s type is below her first unit
cuto↵, then she wins no units. Bidder 1 wins at least one unit if her type exceeds the first
unit cuto↵ and bidder 1 wins both units if her type exceeds the first unit cuto↵ and none of
her rivals have a type that exceeds their first unit cuto↵. Thus,

q

nm
1 (✓1, ✓�1) =

8
><

>:

0 if ✓1 < d(✓2, ✓�1,2)

1 if ✓1 � d(✓2, ✓�1,2) and ✓2 � d(✓1, ✓�1,2),

2 if ✓1 > d(✓2, ✓�1,2) and d(✓1, ✓�1,2) > ✓2.

and the mechanism has corresponding pricing rule

p0(✓�1) = 0,
p1(✓�1) = d(✓�1),
p2(✓�1) = ✓2.

⇤
Amherst College, Department of Economics, bbaisa@amherst.edu.
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The mechanism’s cuto↵ rule d is implicitly defined by

d(✓�1) = max{✓3, b2(✓2, d(d(✓�1), ✓�1,2))}. (1)

The first term on the right hand side of Equation 1 is bidder 3’s the willingness to pay for
her first unit. Bidder 3 is the second highest demand rival of bidder 1. The second term is
bidder 2’s willingness to pay for her second unit conditional on paying d(d(✓�1), ✓�1,2). Recall
that the price bidder 2 pays for her first unit is p1(✓�2) = d(✓�2), so d(d(✓�1), ✓�1,2) is the
price bidder 2 pays for her second unit when bidder 1’s type is exactly at the first unit cuto↵.
Thus, we set the cuto↵ to be such that bidder 1 wins her first unit if and only if her demand
for her first unit exceeds both her highest rivals demand for her second unit and her second
highest rivals demand for her first unit.

Equation 1 plays the same role as the demand reduction term in the section 4 of Perry
and Reny’s (2005, Review of Economic Studies) quasilinear interdependent value multi-unit
auction model. In their model, the cuto↵ rule is found by fixing a bidder’s rivals type and
finding the signal where your value for your first unit equals your rival’s value for her second
unit. My cuto↵ rule similarly finds the cuto↵ by finding the type of bidder 1 where the second
and third highest willingness to pays for additional units are equal.

Lemma 1 below shows that Equation 1 implicitly defines a cuto↵ rule that is unique and
continuous function.

Lemma 1. There is a unique function d : ⇥N�1 ! ⇥ that is continuous and satisfies

Equation 1.

Lemma 1 shows that we can use the cuto↵ rule d to construct a mechanism that satisfies
Properties (1)-(4). We know the mechanism satisfies IR and no subsidies by construction.
Incentive compatibility is satisfied because the mechanism is such that a bidder does not
misreport her type because she wins a unit if and only if her demand for the unit exceeds
the price of a unit. The mechanism is e�cient because it only assigns to a bidder if she
has one of the two highest types. Moreover, one bidder wins both units if and only if her
demand for both units exceeds her highest rival’s demand for her first unit. Thus, we the
mechanism assigns units in a way that ensures there are no ex post Pareto improving trades
among bidders.

Proposition 1. There exists a mechanism �nm
that satisfies (1) individual rationality, (2) no

subsidies, (3) incentive compatibility, and (4) Pareto e�ciency. The mechanism has cut-o↵

rule d that is the unique solution to Equation 1 and pricing rule p, where

p1(✓�i) = d(✓�i),
p2(✓�i) = maxj 6=i ✓j.

Proof. Thus, I have shown that there are no ex post Pareto improving trades among bidders
for all outcomes. Hence, the mechanism satisfies e�ciency.

It is also useful to note that the above construction defines a mechanism �2 that satisfies
(1) IR, (2) IC, (3) e�ciency, (4) no subsidies, and (5) monotonicity when there are only 2
bidders.
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Corollary 1. If there are N = 2 bidders, then there is a mechanism �2
that satisfies (1) IR,

(2) IC, (3) e�ciency, (4) no subsidies, and (5) monotonicity.

Suppose the two bidders are 1 and 2. Let the outcome of mechanism �2 equal the outcome
of mechanism �nm when ✓j = 0 8j 6= 1, 2. That is, the allocation rule for mechanism �2 is

q

2
i (✓1, ✓2) = q

nm
i (✓1, ✓2, 0, . . . , 0) 8i = 1, 2.

Similarly, the transfer rule is

t

2
i (✓1, ✓2) = t

nm
i (✓1, ✓2, 0, . . . , 0).

The mechanism satisfies monotonicity because the proof of Lemma 1 shows that the cuto↵
rule d that satisfies Equation 1 is weakly increasing in ✓2 when ✓2 > 0 and ✓j = 08j 6= 1, 2.
Or in other words a bidder wins weakly fewer units when her rival’s type increases. Thus,
the mechanism satisfies monotonicity.

Thus, we can construct a mechanism that satisfies Properties (1)-(5) when there are two
bidders, but with three bidders we must sacrifice monotonicity if in order to construct a
mechanism that satisfies (1) IR, (2) IC, (3) e�ciency, and (4) no subsidies.

A Mechanism with Subsidies

In this section, I again consider a setting where there are two homogenous goods and n � 3
bidders with single-dimensional types. I present a mechanism �sub that satisfies (1) IR, (2)
incentive compatibility, (3) e�ciency, and (4) monotonicity. Hence we can that we can derive
a mechanism that satisfies properties (1)-(4), but doing so requires using a mechanism that
violates the no subsidy condition.

In the prior section we constructed a mechanism that satisfied (1) IR, (2) IC, (3) e�ciency,
and (4) no subsidies. As Theorem 3 implies, the mechanism violates monotonicity. To see
this, consider mechanism �nm and suppose that ✓1 > ✓2 > ✓3 � ✓j 8j 6= 1, 2, 3. Moreover,
suppose that d(✓�2) = ✓2+✏

2 = ✓3+2✏, where ✏ > 0 is su�ciently small. Thus q1(✓1, ✓�1) = 2
and bidder 1 pays p1(✓�1) = ✓3 for her first unit and p2(✓�1) = ✓2 for her second unit. If
✓3 increases by ✏, bidder 1 pays more to win her first unit and thus she is willing to pay
less for her second unit because of positive wealth e↵ects. The increase in bidder 3’s type
implies that bidder 2 now wins one unit. This is because bidder 2 willingness to pay for her
second unit is greater than bidder 1’s (now lower) willingness to pay for her second unit.
This violates monotonicity because bidder 1 wins strictly more units even though her rival
bidder 3 increased her type.

The violation of monotonicity occurs in mechanism �nm because there is an interdepen-
dence between bidder 1’s willingness to pay for her second unit and bidder 3’s type. The
increase in bidder 3’s type causes a drop in bidder 1’s willingness to pay for her second unit,
but not bidder 2’s willingness to pay for her first unit. Thus, the two quantities can reverse
in rank, leading bidder 1 to win an additional unit when bidder 3 increase her type.

In this section, I show that we can remedy the above violation of monotonicity by giving
bidders an upfront subsidies that depend on their rivals’ types. The upfront subsidy is
constructed to be such that a bidder’s willingness to pay for her second unit conditional on
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winning her first unit depends only on her demand and her highest rival’s demand. In the
above example, this would imply that the increase in bidder 3’s demand would increase an
upfront subsidy given to bidder 1. The increase in bidder 3’s demand increases the price
bidder 1 pays to win her first unit, but that amount is o↵set by the increase in her subsidy.
Thus, bidder 1’s demand for her second unit is unchanged by the change in bidder 3’s demand.
This avoids the violation of monotonicity described above.

The mechanism is symmetric, hence it is without loss of generality to present the mech-
anism from the perspective of bidder 1. Moreover, it is without loss of generality to assume
that ✓2 � ✓3 � ✓j8j 2 {1, . . . n}. The allocation rule is such that you win a unit only if you
are among the top two bidders. The top two bidders are given the same allocation they are
given in mechanism �2.1 Let d1 and d2 be the first and second unit cuto↵s in mechanism �2,
where d1, d2 : ⇥ ! ⇥. Thus, the allocation rule only assigns units to the two highest bidders
and has allocation rule

q1(✓1, ✓�1) =

8
><

>:

0 if ✓1 < max{✓3, d1(✓2)},
1 if max{✓3, d1(✓2)}  ✓1 < d2(✓2),

2 if d2(✓2)  ✓1.

I implement the mechanism with pricing rule p where p is implicitly described by the three
equations below

p0(✓�1) = d1(✓2)� p1(✓�1),

p1(✓�1) = b1(max{✓3, d1(✓2)}, p0(✓�1)),

p2(✓�1) = b2(d2(✓2), p0(✓�1) + p1(✓�1)) = b2(d2(✓2), d1(✓2)).

Note that the subsidy is constructed to be such that a bidder’s demand for her second only
varies with ✓2.

Proposition 2. The mechanism �sub
satisfies (1) IR, (2) IC, (3) e�ciency, and (4) mono-

tonicity.

Proofs

Proof of Lemma 1

Proof. Again, it is without loss of generality to study the consider the decision problem of
bidder 1 and suppose that ✓2 � ✓3 � ✓j 8j 6= 1, 2, 3.

When b2(✓2, ✓3)  ✓3, then equation 1 implies that

d(✓�1) = ✓3 = max{✓3, b2(✓2, d(d(✓�1), ✓�1,2))},

because
✓3 � b2(✓2, ✓3) � b2(✓2, d(d(✓�1), ✓�1,2)).

1
Recall mechanism �

2
is the two bidder version of mechanism �

nm
. Note that we show that the mechanism

violates monotonicity if and only if n � 3.
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Thus, there is a ✓̃2 2 ⇥ where ✓̃2 > ✓3 there is a unique d(✓̃2, ✓�1,2) that solves Equation 1.
Let ✓⇤ be the supremum ✓̃2 such that d is uniquely defined by Equation 1 over the interval
[✓3, ✓⇤).

The cut-o↵ rule d described by Equation 1 is weakly increasing in ✓2, when ✓2 2 [✓3, ✓⇤).
I prove this by contradiction. Suppose d was not weakly increasing in ✓2 when ✓2 2 [✓3, ✓⇤).
Then 9✓̂ 2 [✓3, ✓⇤) such that

✓̂ = inf{✓|9✓0 > ✓ s.t. d(✓0, ✓�1,2) < d(✓, ✓�1,2)}.

Thus, for any ✏ > 0 there exists a ✓`, ✓h such that ✓`  ✓̂  ✓h, ✓h, ✓` 2 (✓̂� ✏, ✓̂+ ✏) ⇢ [✓3, ✓⇤),
and d(✓`, ✓�1,2) > d(✓h, ✓�1,2) � ✓3. And,

d(✓`, ✓�1,2) > ✓3 =) ✓` > d(✓`, ✓�1,2) = b2(✓`, d(d(✓`, ✓�1,2), ✓�1,2)) > ✓3.

In addition, d(✓`, ✓�1,2) > d(✓h, ✓�1,2) implies that

b2(✓h, d(d(✓h, ✓�1,2), ✓�1,2) < b2(✓`, d(d(✓`, ✓�1,2), ✓�1,2)).

Since b2 is increasing in the first argument and ✓h > ✓`, then it must be the case that

d(d(✓h, ✓�1,2), ✓�1,2) > d(d(✓`, ✓�1,2), ✓�1,2).

However, the above inequality can not hold because

d(✓h, ✓�1,2) < d(✓`, ✓�1,2) < ✓`  ✓̂ =) d(d(✓h, ✓�1,2), ✓�1,2)  d(d(✓`, ✓�1,2), ✓�1,2),

where the final inequality holds because d is weakly increasing when ✓ < ✓̂. Thus, we have a
contradiction that shows dn is weakly increasing.

A near identical proof by contradiction shows that d is continuous in ✓2 over (✓3, ✓⇤). Let
✓̂ be the point of the first discontinuity. By construction d is continuous when ✓ is such that
b2(✓, 0) < ✓3. Thus, lim✓!+✓̂ d(✓, ✓�1,2) > ✓3. Yet, when ✏ is su�ciently small, d(✓̂�✏, ✓�1,2) ⇡
d(✓̂+ ✏, ✓�1,2) because d(d(✓̂� ✏, ✓�1,2), ✓�1,2) ⇡ d(d(✓̂+ ✏, ✓�1,2), ✓�1,2)  d(✓̂� ✏, ✓�1,2). Since
b2 is continuous in both arguments, this implies that d(✓̂ + ✏, ✓�1,2) ⇡ d(✓̂ � ✏, ✓�1,2), which
contradicts our assumption that d is discontinuous at ✓̂.

Lastly, I show that ✓⇤ = ✓ by contradiction. Suppose that ✓⇤ < ✓. Thus, for any ✏ > 0
there exists a ✓̃ 2 [✓⇤, ✓⇤+ ✏) such that d(✓̃, ✓�1,2) is not uniquely defined by Equation 1. Note
that x� b2(✓̃, d(x, ✓�1,2)) is strictly increasing in x when x 2 [✓3, ✓⇤).

If
x� b2(✓̃, d(x, ✓�1,2)) � 0 when x = ✓3,

then Equation 1 implies that d(x, ✓�1,2) = ✓3, because

b2(✓̃, d(x, ✓�1,2)) = b2(✓̃, ✓3) < ✓3.

Yet this contradicts our assumption that ✓⇤ < ✓. Thus, it must be the case that

x� b2(✓̃, d(x, ✓�1,2)) < 0 when x = ✓3.

5



In addition
x� b2(✓̃, d(x, ✓�1,2)) > 0

when x = ✓

⇤� ✏ where ✏ > 0 is su�ciently small. This is because by construction ✓̃� ✓

⇤
< 2✏

and when ✏ is su�ciently small,

✓̃ ⇡ ✓

⇤
> b2(✓̃, 0) > b2(✓̃, d(x, ✓�1,2)).

Since x�b2(✓̃, d(x, ✓�1,2)) is strictly increasing and continuous in x, then there exists a unique
x

⇤ 2 (✓3, ✓⇤) such that
x

⇤ � b2(✓̃, d(x
⇤
, ✓�1,2)).

In addition, if we let x⇤ = d(✓̃, ✓�1,2), then d(✓̃, ✓�1,2) satisfies Equation 1.

Proof of Proposition 1

Proof. Because the mechanism is symmetric, it is without loss of generality to assume that
✓2 � ✓3 � ✓j 8j 6= 1, 2, 3 and I study the problem from the perspective of bidder 1. By
construction, mechanism � satisfies (1) IR and (2) no subsidies.

Next, I show that the mechanism is incentive compatible. If d(✓�1) > ✓1, then q1(✓1, ✓�1) =
x1(✓1, ✓�1) = 0. Bidder 1 does not have a profitable deviation in reporting her type because
the price of one unit exceeds bidder 1’s demand for her first unit p1(✓�1) > ✓1. Moreover,
the price of the second unit exceeds the price of the first unit.

If ✓1 � d(✓�1) and ✓2 � d(✓�2), then q1(✓1, ✓�1) = 1. Bidder 1 has no incentive to report
a lower type that does not win any units because her willingness to pay for the first unit ✓1
weakly exceeds the price she pays for the first unit d(✓�1) = p1(✓�1). In addition, ✓2 � d(✓�2)
implies

p2(✓�1) = ✓2 � d(✓�2) � b2(✓1, d(d(✓�2), ✓�1,2)) � b2(✓1, d(✓2, ✓�1,2)) = b2(✓1, p1(✓�1)),

where the first equality holds from the definition of p2, the first inequality holds by assump-
tion, the second inequality holds by the construction of d, the third inequality follows because
d is weakly increasing in the first argument and b2 is decreasing in the second argument, and
the final equality holds by the construction of p1. Thus, we see that bidder 1’s willingness
to pay for her second unit below the price she must pay to win a second unit. Thus, bidder
1 does not gain by overreporting her type and winning an additional unit. Moreover, we
can see that the mechanism satisfies feasibility because bidder 1 and bidder 2 each win and
demand exactly one unit under the mechanism’s pricing rule. All other bidders win no units
and demand no units.

If ✓1 � d(✓�1) and d(✓�2) > ✓2, then q

nm
1 (✓1, ✓�1) = 2. Bidder 1 has no incentive to report

a lower type that does not win any units because her willingness to pay for the first unit
✓1 weakly exceeds the price she pays for the first unit d(✓�1) = p1(✓�1). Bidder 1 has no
incentive to report a lower type that wins only one unit because d(✓�2) > ✓2 implies that

b2(✓1, p1(✓�1)) = b2(✓1, d(✓2, ✓�1,2)) � b2(✓1, d(d(✓�2), ✓�1,2) = d(✓�2) > ✓2 = p2(✓�1),

where the first equality holds from the definition of p1. The first inequality holds because d

is weakly increasing in the first argument and b2 is decreasing in the second argument. The
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second equality holds because d(✓�2) > ✓2 � ✓3 =) d(✓�2) = b1(✓1, d(d(✓�2), ✓�1,2)). Thus,
bidder 1’s conditional willingness to pay for her second unit exceeds the price of her second
unit, and therefore, bidder 1 does not want to deviate and report a type that ensures that she
only wins one unit. In addition qj(✓1, ✓�1) = 0 8j 6= 1 if ✓1 � d(✓�1) and d(✓�2) > ✓2. This
holds for bidder 2 by assumption. This holds for bidders j 6= 1, 2 because d(✓�j) � ✓3 � ✓j.
Thus, the above construction specifies a mechanism that is feasible and incentive compatible.

Finally, I show that the mechanism is e�cient. Thus, I show that there are no ex post
Pareto improving trades among bidders. To do this, I consider two cases.

Case 1: Consider an outcome that is such that two bidders each win one unit. Again,
it is without loss of generality to assume the two bidders are bidders 1 and 2 and that
✓1, ✓2 � ✓3 � ✓j8j 6= 1, 2, 3. Because bidders 1 and 2 each win exactly one unit, we know
that ✓1 � d(✓�1) and ✓2 � d(✓�2). There are no Pareto improving trades between a winning
bidder (wlog bidder 1) and a losing bidder (wlog bidder 3) because

s1(✓1, p1(✓�1)) � s1(✓1, ✓1) = ✓1 � ✓3,

where the first inequality holds because ✓1 � d(✓�1) = p1(✓�1) and s1 is decreasing in the
second argument by positive wealth e↵ects. The first equality holds from the definition of s1.
Thus, there are no ex post Pareto improving trades between a winning bidder and a losing
bidder because the winning bidder’s willingness to sell exceeds the losing bidder’s willingness
to pay. There are no ex post Pareto improving trades where bidder 2 buys a unit from bidder
1 because

s1(✓1, p1(✓�1)) � ✓1 = p2(✓�2) � b2(✓2, p1(✓�2)),

where the first inequality was shown above, and the second inequality is because the mecha-
nism is incentive compatible, and hence the price bidder 2 pays for her second unit exceeds
her willingness to pay for her second unit when she wins one unit. Thus, bidder 1’s willingness
to sell a unit exceeds bidder 2’s willingness to pay for a unit and there is no ex post Pareto
improving trades where bidder 1 sells a unit to bidder 2. A symmetric argument shows there
are no ex post Pareto improving trades bidder 2 sells a unit to bidder 1. Thus, there are no
ex post Pareto improving trades when two bidders each win one unit.

Case 2: Consider an outcome that is such that one bidder (wlog bidder 1) wins both
units. I show that there are no ex post Pareto improving trades where bidder 1 sells a unit
to a losing bidder. Incentive compatibility implies that bidder 1’s conditional willingness to
pay for her second unit exceeds the price of her second unit. That is,

b2(✓1, p1(✓�1)) � p2(✓�1) = ✓2.

This implies that

s2(✓1, p1(✓�1)+p2(✓�1)) � s2(✓1, p1(✓�1)+b2(✓1, p1(✓�1))) = b2(✓1, p1(✓�1)) � ✓2 � ✓j 8j 6= 1, 2,

where the first inequality holds because positive wealth e↵ects imply that s2 is decreasing in
the second argument. The first equality holds from the definition of s2 and b2. The second
inequality holds from incentive compatibility. Thus, there are no ex post Pareto improving
trades between bidder 1 and bidder j 6= 1 because bidder 1’s willingness to sell her second
unit exceeds any of her rival’s willingness to pay for a single unit.
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Proof of Proposition 2

Proof. It is without loss of generality to continue to study the decision problem of bidder 1
where ✓2 � ✓3 � ✓j 8j 6= 1, 2, 3. I assume the inequality throughout the remainder of the
proof.

First, I show that the mechanism satisfies IR. To show this, it su�ces to show that
p0(✓2, ✓3)  0. If ✓3  d1(✓2), then p0(✓2, ✓3) = 0, because

p1(✓2, ✓3) = b1(d1(✓2), 0) = d1(✓2) =) p0(✓2, ✓3) = 0.

If ✓3 > d1(✓2), then we find that p0(✓2, ✓3) is the p0 that solves

p0 = d1(✓2)� b1(✓3, p0) =) p0 + b1(✓3, p0) = d1(✓2).

In the proof of Theorem 2 we show that x+ bn(✓, x) is strictly increasing for all x 2 R, n 2
{1, . . . , k}, ✓ 2 ⇥. Thus, the left hand side of the above equation is strictly increasing in p0.
Moreover, when p0 = 0, ✓3 > d1(✓2) implies that

b1(✓3, 0) + p0 = ✓3 > d1(✓2) =) p0 < 0.

Hence the mechanism satisfies IR because p0(✓2, ✓3)  0.
The mechanism is incentive compatible because

u(q1(✓1, ✓�1),�
q1(✓1,✓�1)X

j=0

pj(✓�1), ✓1) � u(q1(✓
0
1, ✓�1),�

q1(✓01,✓�1)X

j=0

pj(✓�1), ✓1) 8✓i, ✓0i, ✓�i.

This is shown below the expressions below:

q1(✓1, ✓�1) = 0 =) ✓1  max{d1(✓2), ✓3} () b1(✓1, p0(✓2, ✓3)) < p1(✓2, ✓3).

q1(✓1, ✓�1) � 1 =) ✓1 � max{✓3, d(✓2)} () b1(✓1, p0(✓2, ✓3)) � p1(✓2, ✓3),

q1(✓1, ✓�1) = 2 =) ✓1 � d2(✓2) () b2(✓1, p0(✓2) + p1(✓2)) = b2(✓1, d1(✓2)) � p2(✓2, ✓3),

q1(✓1, ✓�1) = 1 =) ✓1  d2(✓2) () b2(✓1, p0(✓�1)+p1(✓�1)) = b2(✓1, d1(✓2))  b2(d2(✓2), d1(✓2)) = p2(✓2, ✓3).

Each of the above four expressions follow from the construction of �Sub.
The mechanism satisfies monotonicity because the construction is such that

q1(✓
h
1 , ✓

`
�1) � q1(✓

`
1, ✓

h
�1)8✓h1 > ✓

`
1, ✓

h
�1 � ✓

`
�1,

because bidder 1’s first and second unit cuto↵ types are weakly increasing in ✓2 and ✓3.
Finally, the mechanism satisfies e�ciency because there are no ex post Pareto improving

trades among bidders. To show this I groups of cases.
Case a: Suppose that the outcome is such two bidders each win one unit. Without loss

of generality suppose that bidders 1 and 2 each win one unit.
First, I show that there are no Pareto improving trades between bidders 1 and 2. Recall

that the outcome of the mechanism �sub is such that bidder one wins one unit and pays
p0(✓�1) + p1(✓�1) = d1(✓2) in total. This is the same as the outcome for in the e�cient
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mechanism �2 where there are only two bidders, namely bidders 1 and 2 with types ✓1 and
✓2. Hence, there are no ex post Pareto improving trades between bidders 1 and 2, because
there are no ex post Pareto improving trades between bidders 1 and 2 under the e�cient
outcome implemented by mechanism �2.

Next, I show that there are no ex post Pareto improving trades between a winning bidder
and a losing bidder. Without loss of generality suppose that ✓1 � ✓2. I show that there are
no Pareto improving trades between bidder 2 and a losing bidder which we assume is bidder
3. By assumption ✓2 � ✓3. If ✓2 = ✓3, then incentive compatibility implies that both players
are indi↵erent between winning and losing because their type equals the first unit cuto↵.
Thus, e�ciency implies that bidder 2’s willingness to sell equals her rival’s willingness to pay
when ✓2 = ✓3,

s1(✓2, d1(✓1)) = s1(✓2, p0(✓1, ✓3) + p1(✓1, ✓3)) = b1(✓3, p0(✓1, ✓2)).

In addition, if bidder 3’s type falls to ✓

0
3 < ✓2, then bidder 2 willingness to sell her unit

is unchanged and bidder 3’s willingness to pay falls. Thus, there are no Pareto improving
trades between bidders 2 and 3. There are no Pareto improving trades between bidder 1 and
bidder 3 because bidder 1’s willingness to sell exceeds bidder 2’s as

✓1 � ✓2, d1(✓1) � d1(✓2) =) s1(✓1, d1(✓2)) � s1(✓2, d1(✓1))

where the implication follows because s1 is increasing in the first argument and decreasing
in the second.

Case b: Suppose that bidder 1 wins both units. I show that there are no Pareto improving
trades between bidder 1 and all other bidders. Note that p0(✓1, ✓2) = p0(✓1, ✓3) = 0 because
d1(✓1) � ✓2 � ✓3. Thus, no losing bidder receives a subsidy. The losing bidder with the
highest willingness to pay is bidder 2 who is willing to pay ✓2 for her first unit. The outcome
for bidders 1 and 2 is equivalent to the outcome for bidders 1 and 2 in e�cient mechanism �2

where there are only two bidders, namely bidders 1 and 2. Thus, there are no ex post Pareto
improving trades between bidder 1 and bidder 2 in mechanism �sub because the outcome for
bidders 1 and 2 is the same as the outcome for bidders 1 and 2 in e�cient mechanism �2.
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