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Abstract

In most of the auction design literature, bidders are assumed to have quasilinear

preferences. Yet there are many well-known environments where this restriction is vi-

olated: bidders may be risk averse, have wealth effects, face financing constraints or

be budget constrained. In this paper, I study the canonical independent private value

auction for a single good and drop the quasilinearity restriction. I assume only that bid-

ders are risk averse and the indivisible good for sale is a normal good. I show removing

quasilinearity leads to qualitatively different solutions to the auction design problem.

Expected revenue is no longer maximized using standard auctions that allocate the

good to the highest bidder. Instead, the auctioneer better exploits bidder preferences

by using a mechanism that allocates the good to one of many different bidders, each

with strictly positive probability. I introduce a probability demand mechanism that

treats probabilities of winning the indivisible good like a divisible good in net supply

one. With enough bidders, it has greater expected revenues than any standard auction.
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1 Introduction

Most of the auction design literature is limited to cases where bidders have quasilinear prefer-
ences. In this paper, I revisit the canonical independent private value auction design problem
and I remove the quasilinearity restriction. Instead, I only assume bidders are risk averse
and have positive wealth effects. While this allows a more complete description of bidder
preferences, it also complicates standard economic analysis. With quasilinearity, a bidder’s
incentives are described entirely by her valuation. Without quasilinearity, a bidder’s valua-
tion provides only a partial description of her bid behavior. Her incentives are affected by
her risk preferences, financial constraints, wealth effects, among other factors. Thus, bidders’
types are multidimensional and characterizing the optimal auction through a Myerson-like
approach proves intractable. For this reason, I take a new approach to studying the design
problem and I show that we get qualitatively different solutions relative to the quasilinear
benchmark. In particular, I propose an alternative to standard auctions called the proba-
bility demand mechanism. The mechanism use randomization to better exploit features of
bidder preferences. While the multidimensionality of bidder types inhibits explicit charac-
terizations of equilibrium behavior, I form a partial characterization of bid behavior, and use
this to obtain revenue comparisons. Specifically, I show that eliminating dominated strate-
gies gives a lower bound on a bidder’s report. This lower bound on bid behavior to results
in a lower bound on expected revenue. With many bidders, the lower bound revenue from
the probability demand mechanism exceeds an upper bound on revenues from any standard
auction.

There are many examples of auctions where quasilinearity does not hold. One case is
housing auctions. Housing auctions have developed into a multi-billion dollar industry in the
United States. In Melbourne, Australia an estimated 25�50% of homes are sold via auction
(Mayer (1998)). In a housing auction, a buyer’s bidding strategy is influenced by factors
like her wealth (wealth effects) and the terms of the mortgage offered by her bank (financing
constraints). These factors are not included in the quasilinear model, as a bidder’s type is
described only by a single dimensional variable - her valuation for the good.

Alternatively, consider firms bidding on spectrum rights or oil tracts. The corporate
finance literature shows that many firms have an internal spending hierarchy (Fazzari, Hub-
bard and Petersen (1988)). Firms prefer to use interval versus external financing, because
firms pay higher interest on money borrowed from third parties. A firm may be able to place
a relatively low bid in an auction without needing external financing, but in order to place a
relatively high bid, the firm may need to obtain external financing and pay a higher interest
rate on this debt. Consequently, even if firms are risk neutral, such financing constraint

2



makes them behave as though they have declining marginal utility of money.1

I show that the auctioneer can better exploit features of bidder preferences by using ran-
domization. This result may seem counterintuitive with risk averse bidders, but the intuition
follows directly from the assumption that the good is normal. When a good is normal, a
bidder’s willingness to pay for it increases with her wealth. Similarly, her willingness to
pay for any given probability of winning the good increases with her wealth. Therefore, the
bidder is willing to pay the most for her first marginal ‘unit’ of probability of winning, before
she has spent any of her wealth. Thus, the bidder is willing to buy a small probability of
winning the good at a price per unit of probability that exceeds her willingness to pay for
the entire good. Standard auctions that allocate the good to the highest ‘bidder’ do not
exploit this property of bidder preferences.

Indeed, there is evidence of actual sellers using randomization. During the recent financial
crisis, the popular press reported an increase in the number of home owners using raffles to sell
their homes.2 During the 17th century Dutch art dealers used lotteries to sell expensive pieces
to a wider audience that included those previously unable to afford such works (De Marchi
(1995)). Additionally, there is work suggesting the use of randomization in specific auction
design settings - for example, when bidders have strict budget constraints. My contribution
beyond this is two-fold. First, I show that auctioneer’s desire to use randomization is driven
by the normal good assumption. This result does not require a restriction to a specific
functional forms or a single dimensional type space. Second, I introduce a new approach to
analyze bid behavior when types are multidimensional. Instead of solving for equilibria, my
approach focuses on obtaining bounds on bid behavior. I show this partial characterization
of bid behavior is sufficient for obtaining revenue comparisons.

Specifically, I construct a probability demand mechanism that uses lotteries to better
exploit bidder preferences. The mechanism sells probabilities of winning the good like a
divisible good that is in net supply one. Bidders report a demand curve over probabilities of
winning. The curve reports the probability of winning the bidder demands (Q) for a given
price per unit price of probability (P ). The auctioneer uses an algorithm similar to that of
the Vickrey auction for a divisible good to determine each bidder’s probability of winning
and expected payment.

Removing quasilinearity makes it difficult to explicitly solve for equilibria. Instead, I form
a lower bound on bid behavior in the probability demand mechanism by exploiting the normal
good assumption. I use this partial characterization of bid behavior to construct a lower
bound on expected revenues in the probability demand mechanism. With enough bidders,

1See the related literature section for further discussion of risk aversion in auctions.
2http://www.nytimes.com/2008/09/25/garden/25raffle.html?pagewanted=all
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this lower bound on revenues strictly exceeds an analogously constructed upper bound on the
revenues from any standard auction. That is, with enough bidders the probability demand
mechanism has higher expected revenues than any standard auction (Propositions 3 and 4).
This class of standard auctions includes the first price, second price and all pay auctions, as
well as modifications of these formats to allow for entry fees and/or reserve prices. When
there are relatively few bidders, I use a numerical example to show that the probability
demand mechanism can have (non-negilibily) greater revenues than stanadard auctions.

The rest of the paper proceeds as follows. The remainder of the introduction relates my
work to the current literature on auction design. Section 2 describes the model and specifies
the assumptions I place on bidders’ preferences. Section 3 motivates the use of probabilis-
tic allocations. Section 4 outlines the construction of the probability demand mechanism.
Section 5 focuses on revenue comparisons between the probability demand mechanism and
standard auction formats. Section 6 provides a numerical example illustrating the practical
applicability of my results. Section 7 provides a discussion of the results. Section 8 concludes.

Related literature

Seminal papers in the private value auction literature include Vickrey (1961), Myerson (1981)
and Riley and Samuelson (1981). Each studies a private value setting with the restriction
that bidder preferences are quasilinear. Myerson studies the problem of an expected revenue
maximizing auctioneer, while Vickrey studies the problem of an auctioneer concerned with
efficiency. Their results show the auction design problem is solved by a mechanism where
the good is assigned to a bidder only if she has the highest valuation among all bidders.3

Both empirical and experimental research argues that there are settings where bidders
may not have quasilinear preferences. However, there is evidence that in many auction
settings, bidders do not have quasilinear preferences. Prior works have argued that risk
aversion can explain deviations in bidders’ behavior, relative to the predictions of the quasi-
linear benchmark. Bajari and Hortaçsu (2005) argue that risk aversion serves as a good
explanation for experimentally observed bid behavior. It outperforms three competing ex-
planations, including quasilinearity. Similarly, Goeree, Holt and Palfrey (2002) show risk
aversion provides a parsimonious explanation of experimentally observed overbidding in first
price auctions. Budish and Takeyama (2001) cite risk aversion as an explanation for why
sellers use buy-it-now prices.

There is also a small theoretical literature that considers auctions without quasilinearity.
3In Myerson (1981), the good is assigned to the bidder with the highest ‘virtual’ valuation. Under the

monotone likelihood ratio property and ex-ante symmetry, this corresponds to the bidder with the highest
valuation.
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Most closely related is Maskin and Riley (1984). Their paper describes properties of expected
revenue maximizing auctions when bidders’ types are single dimensional but not quasilinear.
They show that the exact construction depends on the common prior over the distribution
of types and the functional form of the bidders’ utility functions. Their setting is general
enough to include bidders with wealth effects and/or risk aversion, but is limited to cases
with single dimensional heterogeneity. They focus on discussing characteristics of equilibria
in this setting. Matthews (1983, 1987) and Hu, Matthews and Zhou (2010) study a setting
where all bidders have identical risk preferences and there are no wealth effects. Within this
framework, they make comparisons between common auction formats. Che and Gale (2006)
consider a payoff environment closest to the one studied here. They allow for bidders with
multidimensional types and show that when bidders are risk averse, the first price auction
generates greater revenues than the second price auction. This builds on their earlier work
that studies standard auctions with specific departures from the quasilinear environment
(see Che and Gale (1996, 1998, 2000)).

A closely related line of work is optimal auction design when bidders have budget con-
straints. This has been studied in papers by Laffont and Robert (1996), Maskin (2000)
and Pai and Vohra (2010). Like my paper, these works also suggest using randomization
to increase revenues. Recent work by Che, Gale and Kim (2013) show that randomly the
allocating goods to a continuum of budget constrained agents can outperform competitive
market outcomes. An earlier version of this paper Baisa (2013), also suggests that random-
ization can improve on the design of efficient auctions. Other recent work in mechanism
design has suggested using randomization for resource allocation problems. Celis, Lewis,
Mobius and Nazeradeh (2012) construct a randomized mechanism they call the buy-it-now
or take-a-chance mechanism. They study a setting where bidder preferences are quasilinear.
They show that using randomization can induce more aggressive bidding in ‘thinner’ markets.
Baisa (2013) studies an auction design problem in which bidders use a non-linear probability
weighting function to evaluate risks and finds that the solution to the auction design problem
uses probabilistic allocations of the good to exploit features of bidders’ probability weighting
functions.

My research builds on this prior work in two respects: (1) I consider a more general setting
that allows for heterogeneity in bidders across many dimensions. I show that randomization
increases revenue in a much more general setting than previously described in the literature.
This is based off of the normal good assumption. And (2) I study the problem from an
auction design perspective. This contrasts with much of the prior research that focuses on
comparisons among standard auction formats.

This work also adds to the literature on multidimensional mechanism design. Armstrong
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and Rochet (1999) provide an overview of such problems. They show that explicit charac-
terizations of equilibria are hard to obtain, even in a simple 2 ⇥ 2 principal-agent model.
Further work by Armstrong (1999) also studies the problem of a seller who faces buyers
with multidimensional types. While Armstrong studies a different problem - that of a multi-
product monopolist selling to a representative consumer - there are similarities in our results.
He suggests an almost optimal solution for the monopolists when there are many products.
While an explicit characterization of an optimal mechanism is impossible in Armstrong’s
setting, he is still able to discuss qualitative features of mechanism that are almost optimal.
He is able to do this by considering the case where the principal sells many different products.
Similarly, my paper suggests an near optimal solution to the auction design problem when
there are many buyers.

More recently, Hart and Nisan (2012) study the problem of a seller with with two different
products facing a single buyer. The buyer has quasilinear preferences, but a two dimensional
type representing her valuation for each good. Like this paper, Hart and Nisan do not
describe an optimal mechanism, but instead focus on improving upon standard mechanisms.

2 The model

2.1 The payoff environment

I consider a private value auction setting with a single risk neutral seller and N � 2 buyers,
indexed by i 2 {1, . . . , N} . There is a single indivisible object for sale. Bidder i’s preferences
are described by utility function ui, where

ui : {0, 1}⇥ R ! R.

Let ui(1, wi) denote bidder i’s utility with wealth wi when she owns the object. Similarly,
ui(0, wi) denotes bidder i’s utility with wealth wi when she does not own the object. The
object is a “good” and not a “bad,” thus

ui(1, w) > ui(0, w), 8w.

Additionally assume that bidders preferences are strictly increasing and twice continuously
differentiable in wealth.

This environment differs from the quasilinear case where a bidder’s preferences are com-
pletely described by her one-dimensional ‘valuation’ of the object. This valuation is the most
i is willing to pay for the object. Let k(ui, wi) be bidder i’s willingness to pay for the good
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when she has an initial wealth wi and a utility function ui. This is the highest price bidder i
will accept as a take-it-or-leave-it offer for the good. Formally k(ui, wi) is implicitly defined
by

ui(1, wi � k) = ui(0, wi). (2.1)

I place only two further assumptions on bidder preferences. First, I assume that the good
being sold is a normal good (i.e. positive wealth effects). My notion of positive wealth effects
is analogous to the notion in the divisible goods case, where a bidder’s demand for the good
increases as her wealth increases for a constant price level.

Assumption 1. (Positive wealth effects)
Bidder i has positive wealth effects:

@k(ui, w)

@w

> 0,

for all w.

Second, I assume that bidders have strictly declining marginal utility from money.

Assumption 2. (Risk Averse)
Bidder i has declining marginal utility of money:

@

2
ui(x, w)

@w

2
< 0 for x = 0, 1.

And,Let U be the set of all utility functions which satisfy Assumptions 1 and 2. Quasilinear
preferences are not included in U as @k(w,ui)

@w
= 0 and @2ui(x,w)

@w2 = 0. However, quasilinear
preferences can be thought of as a limiting case of the environment that I consider.

I do not place any specific functional form restrictions on preferences. I also allow for
multidimensional heterogeneity across bidders. This differs from most of the literature on
risk aversion and auctions, where bidders’ preferences are described by specific functional
forms and exhibit single-dimensional heterogeneity (see Maskin and Riley (1984), Mathews
(1983, 1987)).

There are many different functional forms of u within U . Two examples are given below.

Example 1. If bidder i has preferences of the form ui(x, w) = gi(viIx=1 + fi(w)) where fi is
strictly concave, gi is concave and I is an indicator function, then ui 2 U . A simple example
would be the case where gi is linear. We can then interpret this as saying bidder i gets a
certain number of utils from owning the good, irrespective of her wealth level. She also has
declining marginal utility of money, which is unaffected by whether she owns the good.
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Example 2. The good being sold is a risky asset. It has a distribution of (monetary) returns
g : R+ ! R+. Bidder i’s utility from wealth is fi. She has decreasing absolute risk aversion
- for example, CRRA utility. Her expected utility of owning the asset when she starts with
wealth w is ui(1, w) where

ui(1, w) =

ˆ
fi(w + x)g(x)dx.

Without the asset, she consumes her wealth,

ui(0, w) = fi(w).

In this example, bidder i could be a speculator bidding for a home. She knows the distribution
of resale prices for the house is given by g. As she becomes richer, her degree of absolute
risk aversion decreases. This implies that she demands a smaller risk premium when buying
the home and her willingness to pay for the home increases in wealth.

2.2 Allocations and mechanisms

By the revelation principle, I can limit attention to direct revelation mechanisms. A mech-
anism describes how the good is allocated and how transfers are made. Let A be the set of
all feasible assignments, where

A := {a| a 2 {0, 1}N and
NX

i=1

ai  1},

where ai = 1 if bidder i is given the object. A feasible outcome � specifies both transfers
and a feasible assignment: � 2 A⇥RN

. I define � := A⇥RN as the set of feasible outcomes.
A (probabilistic) allocation is a distribution over feasible outcomes. Thus, an allocation ↵ is
an element of �(�).

Let E↵ [ui, wi] denote the expected utility of bidder i under allocation ↵ 2 �(�) when
she has preferences ui and initial wealth wi. A direct revelation mechanism M maps a profile
of reported preferences and initial wealth levels to an allocation. That is,

M : UN ⇥ RN ! �(�).
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3 Probabilistic allocations

The value of randomization stems from the assumption that the good being auctioned is
normal. With a normal good, a bidder is willing to pay the most for her first ‘unit’ of
probability of winning the good. As the bidder becomes poorer, she is willing to pay less
for a marginal increase in her probability of winning. Consider the following illustrative
example. Suppose a bidder i has an initial wealth of wi and preferences described by the
following utility function

u(x, w) = 4Ix=1 +
p
w.

She receives 4 utils from the good and
p
w utils from having final wealth w.4 The utility

function satisfies assumptions 1 and 2. It is illustrated by Figure 3.1.

Initial Wealth: 169;

WTP: 88. 

Wealth: 49;

WTP: 40. 

u!1, w"

u!0, w"

0 50 100 150 200
w0

5

10

15

Utils

Figure 3.1: u(x, w) = 4Ix=1 +
p
w

Consider a bidder with initial wealth of 100. The bidder is willing to pay 64 for the good,
as u(1, 100 � 64) = u(0, 100) = 10. However, this bidder is willing to purchase a positive
probability of winning the good at any price (per unit of probability) that is below 80. In
particular, when the price of a unit of probability is being sold at a price of p per unit, the
bidder demands q

⇤ units of probability where

q

⇤
:= arg max

q2[0,1]
q4 +

p
100� pq.

Simple algebra shows that q⇤ > 0 () p < 80. Thus, the bidder is willing to buy a positive
probability of winning the good at a price per unit of probability that exceeds her willingness

4This utility function is not defined over negative wealth levels. This will not be relevant in the analysis
shown below as the bidder’s wealth will never approach zero. This is meant to be used as an illustration.
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to pay for the entire good. As the bidder spends more money, her willingness to pay for
an added unit of probability decreases. Thus, the bidder is willing to pay the most for her
first marginal unit of probability, similar to demand for a divisible (normal) good. Using
randomization allows the auctioneer to exploit the fact that a bidder is willing to pay a high
price for her first marginal unit of probability of winning. Since this high price exceeds a
bidder’s willingness to pay for the entire good, this allows the auctioneer to increase revenues
over standard auctions where revenues are often bounded by bidders’ willingness to pay.

In particular, I show that bidders have downward sloping demand curves for probabilities
of winning the good. This probability demand curve states the probability of winning the
good q a bidder demands when she pays a price of p per unit of probability. The demand
curve captures the fact that bidders are willing to pay a higher price for their first units of
probability.

Without the quasilinearity restriction the structure of a bidder’s payments affects her
payoff. Standard auctions do not equalize a bidder’s marginal utilities across different states
of the world. In particular, a bidder may value a marginal dollar more when she wins than
when she loses, or visa versa. By equalizing a bidder’s marginal utility across the win and
lose state, the auctioneer can increase the bidder’s expected utility. I call such a payment
scheme efficient. That is, given a bidder’s expected transfers and probability of winning the
good, the efficient payment scheme maximizes her expected utility. I can show that, with
enough bidders, the auctioneer can extract the added surplus created by efficient payments,
and increase revenues. I construct a bidder’s probability demand curve under the assumption
that her payments are structured efficiently.

Formally, consider a gamble where bidder i wins the good with probability q and pays x
to the auctioneer in expectation. The bidder has preferences ui 2 U and initial wealth wi.
The efficient payment scheme maximizes bidder i’s expected utility given that she wins with
probability q and pays x in expectation. Suppose she pays pw and pl contingent on winning
or losing, respectively. In the efficient payment scheme, p⇤w and p

⇤
l are such that,

(p

⇤
w, p

⇤
l ) = argmax

pw,pl
qui(1, wi � pw) + (1� q)ui(0, wi � pl).

s.t. x = qpw + (1� q)pl.

The payments p

⇤
w and p

⇤
l maximize her expected utility under the constraint that she wins

the good with probability q and pays x in expectation. Assuming efficient payments, I
construct an indirect utility function Vi that is a function of her expected payments and the

10



probability she wins the good.

Vi(q,�x) := maxpw,pl qui(1, wi � p

⇤
w) + (1� q)ui(0, wi � p

⇤
l ).

s.t. x = qp

⇤
w + (1� q)p

⇤
l .

The indirect utility function gives the maximal expected utility for bidder i conditional on
winning the object with probability q and paying x in expectation.

I form bidder i’s probability demand curve by assuming that she makes efficient payments.
Bidder i’s probability demand curve states the probability of winning she demands q when
she pays an (expected) price of p per unit of probability.

q(p, ui, wi) := arg max

q2[0,1]
Vi(q,�qp). (3.1)

I economize notation by writing bidder i’s probability demand curve as qi(p) = q(p, ui, wi).

A bidder’s probability demand curve has similar properties to demand curves for divisible
normal goods.

Proposition 1. a
If bidder i has preferences ui 2 U , initial wealth wi and willingness to pay ki, then

(1) qi(p) is continuous and weakly decreasing.

(2) qi(ki + ✏) > 0 for some ✏ > 0.

Figure 3.2 shows the probability demand curve for bidder i with initial wealth of 100 and
preferences u(x, w) = 4Ix=1 +

p
w, as in the above example.

ki = 64

0.2 0.4 0.6 0.8 1.0qHpL
55
60
65
70
75
80
p

Figure 3.2: A probability demand curve

It is the normal good assumption that implies that any bidder is willing to buy a strictly
positive probability of winning the good at a per unit price that exceeds her willingness to
pay for the good. This can be illustrated graphically. Consider a bidder i with an initial
wealth of wi, and a willingness to pay for the good of ki. Suppose the good was being sold for
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exactly ki: bidder i is exactly indifferent between buying and not buying the good. Because
the good is normal, changing bidder i’s wealth would break this indifference. Thus, bidder
i strictly prefers to (not) buy the good for the fixed price of ki if and only if her wealth
is greater (less) than wi. That is, ui(1, w � ki) > ui(0, w) if and only if w > wi. This is
illustrated in Figure 3.3.

Utility if buy
at price 

  Utility if 
do not buy 

ki

wi
wealth

Utils

Figure 3.3: Bidder i’s indirect utility function

The upper envelope of the two curves is bidder i’s indirect utility as a function of her initial
wealth when the object costs ki. Notice that @

@w
ui(1, wi � ki) >

@
@w

ui(0, wi), which causes
the curve ui(1, w � ki) to cross the curve ui(0, w) from below to above at the point w = wi.
This creates a local convexity in the indirect utility curve at the point wi. By exploiting
this difference in bidders’ marginal utilities of money between the win state and the lose
state, the auctioneer can construct a gamble where the bidder wins the good with positive
probability and pays a price per unit of probability that strictly exceeds her willingness to
pay for the entire good with certainty.

As a basis for comparison, when preferences are quasilinear, changes in wealth do not
change a bidder’s willingness to pay for the good. As a result, we can not create a similar
gamble where a bidder pays a per unit price above her willingness to pay for a probability
of winning. This is evident in a quasilinear bidder’s probability demand curve. If she has
valuation v her probability demand curve is q(p) = Ipv. Note, q(p) = 0 for all prices above
the bidders willingness to pay for the good v. It is positive wealth effects that allow the
auctioneer to be able to use randomization to better exploit bidder preferences. This is a
feature that is absent in the quasilinear benchmark.

Kwang (1965) makes a similar observation when he shows that indivisibilities in con-
sumption can lead to risk loving behavior if utility of the good and money are separable. I
expand his intuition to the more general case of preferences satisfying the normal good and
risk aversion assumptions.
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4 The probability demand mechanism

Proposition 1 shows that if a bidder is indifferent between accepting or rejecting a take-it-
or-leave-it offer for the good at a price of k, there are gambles she strictly prefers to enter
where she wins the good with positive probability q and pays strictly greater than qk in
expectation. This is not true when bidders’ preferences are restricted to be quasilinear. Any
such gamble violates a bidder’s individual rationality constraint. In this section I develop
a probability demand mechanism that is designed to better exploit this feature of bidder
preferences.

The probability demand mechanism sells bidders probabilities of winning the good like
a divisible good that is in net supply one. Instead of submitting single dimensional bids,
bidders report probability demand curves to the auctioneer. The auctioneer uses the reported
probability demand curves to calculate each bidder’s expected transfer and probability of
winning. This is done by using an algorithm that resembles the Vickrey auction for a divisible
good. This construction allows the auctioneer to exploits bidders’ preferences by selling
bidders probabilities of winning the good at prices per unit that exceed their willingness to
pay for the good.

Though my probability demand mechanism and the Vickrey auction for a divisible good
have similarities, there are important differences in bid behavior between the two. In the
latter, it is a dominant strategy for bidders to truthfully report their preferences. Here this
is no longer the case. Removing the quasilinearity restriction makes it difficult to solve for
an equilibrium by studying bidders’ interim incentive constraints. Thus, I take a different
approach to characterizing bid behavior and generating revenue comparisons. I partially
characterize bid behavior by placing bounds on reports to the auctioneer. Specifically, I
show it is a dominated strategy for a bidder to underreport her probability demand curve to
the auctioneer. I then use this lower bound on bid behavior to obtain revenue comparisons
between my probability demand mechanism and standard auctions.

In this section I discuss the construction of the probability demand mechanism. Section
5 discusses revenue comparisons between the probability demand mechanism and standard
auction formats.

4.1 The probability demand mechanism

In the probability demand mechanism, a bidder reports her probability demand curve q(p, ui, wi),
preferences ui and initial wealth level wi. The auctioneer uses the reported demand curves
to calculate each bidder’s probability of winning and expected payment. Given a bidder’s
probability of winning and expected payments, her payments are then structured efficiently.
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It is equivalent to assume that each bidder reports only her preferences and initial wealth
levels and that the auctioneer derives her probability demand curve directly. I work with the
indirect mechanism, where bidders also report probability demand curves, to illustrate the
connection to the divisible goods setting. For economy of notation I write qi(p) = q(p, ui, wi).

The probability that bidder i wins the object is calculated using the reported probability
demand curves. Given the reported demand curves, the auctioneer calculates the (lowest)
price for probabilities of winning the good that ‘clears the market.’ That is, she finds the
(lowest) price p

⇤ where the total reported demand for probabilities of winning the good
equals one.

p

⇤
:= inf

p
{p : 1 =

NX

i=1

qi(p)}. (4.1)

Given p

⇤, the probability bidder i wins the good is qi(p
⇤
).

The market clearing price p

⇤ is not the per unit price bidders pay for probabilities of
winning the good. Instead each bidder faces a probability supply curve that represents her
marginal price curve for probabilities of winning the good. The supply curve is the residual
demand for probabilities of winning. It is analogous to the residual demand curve in Vickrey
auction for a divisible goods auction. Thus, the price a bidder pays for a unit of probability
depends on her rivals actions.

Given a price p, a bidder’s probability supply curve Si(p) states the amount of probability
of winning the good that is not demanded by the N � 1 other bidders.

Si(p) =

8
<

:
1�

P
j 6=i qj(p) if 1�

P
j 6=i qj(p) > 0

0 otherwise

(4.2)

Bidder i’s (reported) probability demand curve equals her probability supply curve at the
price p

⇤. Thus, the market clearing price sets each bidder’s probability demand curve equal
to her probability supply curve.

Bidder i’s expected payments are determined by treating her probability supply curve as
her (expected) marginal price curve. Her expected payment to the auctioneer is Xi, where,

Xi =

ˆ p⇤

0

tdSi(t). (4.3)

This payment rule can be viewed as the continuous analog to the payment rule in the second
price auction. Note that I suppress notation in writing Xi; it is a function of the complete
profile of reported demand curves (q1 . . . qN). Figure 5.1 illustrates this graphically.
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Figure 4.1: Expected payment in the probability demand mechanism.

Thus, the reported probability demand curves determine each bidder’s expected transfers
and probability of winning the good. Bidder i pays a marginal price for a unit of probability
that is lower than the market clearing price p

⇤ . Thus, Xi  p

⇤
qi(p

⇤
).

To complete the description of the mechanism, I specify how payments are structured.
I assume that each bidder’s payment to the auctioneer is structured efficiently given the
reports. Thus, if the profile of reported demand curves (q1 . . . qN) is such that bidder i wins
with probability qi(p

⇤
) and pays the auctioneer Xi in expectation, she makes an efficient

payment. If bidder i reports her preferences to be ui and her initial wealth to be wi, she
then pays p

⇤
i,w when she wins and p

⇤
i,l when she loses where,

(p

⇤
i,w, p

⇤
i,l) = argmax

pw,pl
qi(p

⇤
)ui(1, wi � pw) + (1� qi(p

⇤
)) ui(0, wi � pl). (4.4)

s.t. Xi = qi(p
⇤
)pw + (1� qi(p

⇤
))pl.

Definition 1. (The probability demand mechanism)
The probability demand mechanism maps reported demand curves (q1, . . . , qN), preferences

(u1 . . . uN), and initial wealth levels (w1 . . . wN) to a probabilistic allocation described by

(4.1)� (4.4).

The probability demand mechanism can be modified so that bidders only submit a probability
demand curve to the auctioneer. This is done using a two-step procedure. Bidders first
submit probability demand curves and each bidder’s probability of winning and expected
payments are calculated as discussed above. The auctioneer then tells each bidder her
probability of winning qi(p

⇤
) and her expected payment Xi. Before the winner is selected,

each bidder decides how to structure her payments, given that her probability of winning is
qi(p

⇤
) and her expected payment is Xi. Alternatively, the auctioneer can use an ascending-

bid clinching mechanism, as described in Ausubel (2004), to determine bidders’ probabilities
of winnings and expected payments. This alternative would not require bidders to submit a
probability demand curve.
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4.2 Behavior in the probability demand mechanism

In this section, I derive a bound on bidders’ reports by showing that it is a dominated strategy
for a bidder underreport her demand for winning probabilities. The intuition for this result
can be understood graphically. Consider the hypothetical case where it is a best response
for a bidder to truthfully report her demand curve. Suppose bidder i faces a perfectly elastic
probability supply curve, and thus, pays a constant marginal price for units of probability
of winning. Let this price be pE. The bidder seeks to maximize her expected utility given
this price pE. The solution to this maximization problem is qi(pE) by definition as qi(pE) is
the probability of winning the good that she desires when she pays price of pE per unit of
probability. Thus, truthful reporting is a best response. By truthful reporting, she wins the
good with probability qi(pE) and pays pEqi(pE) in expectation.
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Figure 4.2: Expected payment when facing a perfectly elastic supply curve.

Suppose, instead, bidder i faces a more inelastic (relative to perfectly elastic) probabil-
ity supply curve. Suppose her residual probability demand curve still passes through the
(arbitrary) point (pE, qi(pE)). If bidder i truthfully reports her probability demand curve,
she wins the good with the probability qi(pE). Thus, her probability of winning the good
is the same as it was when she faced the perfectly elastic supply curve. However, she pays
less when she faces the more inelastic supply curve. The marginal price she pays for all
but the final unit of probability she acquires is less than pE. Thus, she pays Xi which is
less than pEqi(pE) for a qi(pE) probability of winning. It is as though she faced a perfectly
elastic supply curve with constant price pE, and then is given a refund of pEqi(pE)�Xi � 0.
Positive wealth effects imply that this refund increases her demand of the good relative to
the case where she simply pays the price of pE per unit of probability.
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Figure 4.3: Expected payment when facing a relative inelastic supply curve.

It was a best response for bidder i to truthfully report her demand curve when she faced
a constant marginal price curve, but with an upward sloping marginal price curve she has
an incentive to over report her demand curve. Since bidders must report downward sloping
demand curves, bidder i will always face an upward sloping marginal price curve. The precise
amount that bidder i wants to over report her demand curve depends on the elasticity of
the supply curve she expects to face. Her incentive to over report is greater when facing a
more inelastic supply curve (larger ‘refund’). What is clear is that it is never a best reply for
bidder i to ever under report her demand curve. This observation allows us to use bidder i’s
truthful report as a lower bound on her actual report.

Proposition 2. a
Assume bidder i has probability demand curve qi(p). Reporting a probability demand curve

q̃i where q̃i(p) < qi(p) for some p 2 R+ is weakly dominated by reporting q, where

qi(p) = max{qi(p), q̃i(p)}.

Proposition 2 shows that truthful reporting can serve as a lower bound on a bidder’s
possible report. This lower bound on a bidder’s report enables revenue comparisons between
the probability demand mechanism and other auctions.

5 Revenue comparisons

In this section, I show that with sufficiently many bidders, the expected revenues from the
probability demand mechanism exceeds the expected revenues of a large class of standard
auctions. In addition, the probability demand mechanism achieves approximate revenue
maximization while most standard auctions do not. Included within the class of standard
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auctions are the first price, second price and all pay auctions. Also included are any of these
auctions modified to include reserve prices or entry fees.

I show this in three steps. First, I derive an upper bound on the expected revenues from
any mechanism that respects bidders’ interim individual rationality constraints. Next, I use
Proposition 2 to place a lower bound on bidders’ reports to the auctioneer in the probability
demand mechanism. Using the lower bound on bidders’ reports, I obtain a lower bound on
the expected revenues. As N ! 1, this lower bound on the expected revenue from the
probability demand mechanism approaches the revenue upper bound for any individually
rational mechanism. Lastly, I define a broad class of ‘highest-bid’ wins mechanisms. This
class of mechanisms includes most commonly studied auctions. I show that even when there
are many bidders, the expected revenues from any highest-bid wins mechanism does not
approach the revenue upper bound. Thus, it attains a strictly lower bound than the one
attained by my probability demand mechanism.

5.1 A revenue upper bound for all mechanisms

I assume that bidders’ preferences are independently and identically distributed. In partic-
ular, I assume there is a distribution over possible ‘types’ of bidder preferences. I describe
bidder i’s preferences by a type ti, where ti 2 RM and M is finite. I let the first element
represent bidder i’s initial wealth level wi. A bidder with type ti has preferences described by
the utility function u(x, w, ti) when her type is ti. I assume that all bidders’ preferences have
declining marginal utility of money and positive wealth effects. That is, for any ti 2 RM ,
u(x, w, ti) 2 U . At the same time, this setup allows for heterogeneity across multiple dimen-
sions. I do not place restrictions on the functional forms of bidders’ utility functions. While
the standard quasilinear model allows for heterogeneity in ‘valuations’, this setup allows for
heterogeneity across risk preferences, initial wealth levels and financing constraints.

For a given distribution over types, I can define an upper bound on revenues from any
mechanism that is interim individually rational. Consider the highest per unit price where
a bidder still demands a positive probability of winning. Let pi be such a per unit price for
bidder i, her choke price for probabilities of winning. I write this formally as a function of
a bidder’s type,

p(ti) := sup

p
{p : q(p, ti) > 0}.

Since preferences u are continuous in t, it follows that p(ti) is continuous in ti. For a given
distribution of preferences f , let P denote the highest possible per unit price where a bidder
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demands a positive probability of winning the good.

P := sup{p(t) : t 2 supp(f)}.

Since T has compact support, P < 1. The price P serves as an upper bound on the
expected revenues from any interim individually rational mechanism. A mechanism with
expected revenues that exceed P necessarily violates some bidder’s interim individual ratio-
nality constraint because no bidder is ever willing to pay a per unit price that exceeds P for
a positive probability of winning.

Remark 1. a
All mechanisms which are interim individually rational generate expected revenues less than
or equal to P .

The above remark is shown formally in the appendix. This is a generous upper bound
on revenues. It only assumes that a mechanism respects interim individual rationality con-
straints and holds for any number of bidders.

5.2 Revenues from the probability demand mechanism

I use Proposition 2 to show that with many bidders, a lower bound on expected revenue
from the probability demand mechanism approaches the expected revenues upper bound P .

Proposition 3. a
As N ! 1, if all bidders play undominated strategies, the expected revenue from the proba-

bility demand mechanism approaches P .

The formal proof of the above result is in the appendix. I discuss the intuition here. The
definition of P and the continuity of p in t imply that there is a positive probability that a
randomly drawn bidder has a demand curve where qi(p) > 0 for any p < P . In other words,
there is a positive probability that a randomly drawn bidder demands a positive probability
of winning the good when she pays a per unit price that is slightly under P .

With sufficiently many people, there are many bidders who demand a positive probability
of winning when the per unit price is P � ✏. Thus, as the number of bidders increases to
infinity, there is no residual demand at the price of P � ✏. If a bidder does win the good
with a positive probability, she pays a per unit price that exceeds P � ✏. Thus, the expected
revenues will exceed P � ✏ as the number of bidders increases.

I illustrate this for a special case where bidders all have the same initial wealth of 100
and preferences u given by

u(x, w) = 4Ix=1 +
p
w.
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By assuming that bidders truthfully report their probability demand curves, I obtain a lower
bound on a bidder’s residual probability demand. As N increases, the lower bound on the
residual probability demand curves approaches the revenue upper bound of P = 80.
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Figure 5.1: Bounds on residual probability demand curves.

5.3 Revenue comparisons with standard auction formats

While the probability demand mechanism approaches the expected revenue upper bound of
any individually rational mechanism, this alone is not an interesting result. In the bench-
mark quasilinear environment there are many mechanisms that approach an analogous upper
bound. But without quasilinearity, I show expected revenues from standard auction formats
do not approach this upper bound, even with many bidders.

I start with the two most commonly studied formats in the auction literature: the first
and second price auctions. In each format, it is a dominated strategy for a bidder to submit
a bid that exceeds her willingness to pay for the good. Thus, expected revenues are bounded
by the highest willingness to pay of any bidder. However, Proposition 1 shows that each
bidder is willing to purchase a positive amount of probability of winning at a price per unit
that exceeds her willingness to pay for the (entire) good. That is, if bidder i has preferences
such that, ui(1, wi � ki) = ui(0, wi), then p(ti) > ki.

The probability demand mechanism exploits this feature. As N ! 1, expected revenues
from the probability demand mechanism approach the highest price any agent is willing to
pay for positive probability of winning the good P . Thus, the expected revenues from the
probability demand mechanism exceed the expected revenues from the first price or second
price auction when there are sufficiently many bidders.
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Corollary 1. a
Assume that bidders play undominated strategies. When N is sufficiently large, expected

revenues from the probability demand mechanism exceed expected revenues of the first or

second price auctions.

This result generalizes beyond the first and second price auction. It extends to a broad
class of indirect mechanisms where bidders submit single dimensional bids. In particular,
I focus on ‘highest bid wins’ mechanisms, where a bidder receives the object only if she
submits the highest bid and leaves the auction at no cost by bidding 0.

Thus, I study mechanisms where each bidder reports a message mi 2 R+. The indirect
mechanism M maps the N messages to a distribution over feasible outcomes:

M : RN
+ ! �(�).

If mi = 0, bidder i makes no transfers and wins the good with 0 probability. This is equivalent
to allowing bidders free exit from the auction.

Definition 2. (Highest bid mechanism)
The indirect mechanism M is a highest bid mechanism if i is given the object only when she

submits the highest bid,

max

j 6=i
mj > mi =) ai = 0,

and if mi = 0, i pays 0 transfers and ai = 0.

This class of mechanisms includes many familiar mechanisms such as the first price,
second price and all pay auctions. It also includes each of these formats with entry fees or
reserve prices.

Most commonly studied auction formats have the property that along the equilibrium
path, the probability of a tie is zero. With a sufficient amount of heterogeneity in preferences,
this is to be expected. For example, this property is always true of any equilibrium of an all
pay auction. I will say an equilibrium of a highest bid mechanism is a “no-tie” equilibrium
if in equilibrium there is a zero probability of a tie along the equilibrium path.

Definition 3. (No-tie equilibrium)
A Bayesian Nash Equilibrium of a highest bid mechanism is a “no-tie” equilibrium if in

equilibrium:

P (mi = max

j 6=i
mj|mi > 0) = 0 8i.
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Whether or not a mechanism has a “no-tie” equilibrium depends on the underlying dis-
tribution of preferences f and how the mechanism M structures payments.

For a given distribution of preferences, there is an upper bound on the expected revenues
in any “no-tie” equilibrium of a highest bid mechanism. The upper bound is independent
of the number of bidders and is strictly less than the revenue upper bound derived for
any interim individually rational mechanism. This shows that any “no-tie” equilibrium of
a highest bid mechanism will generate strictly less revenues than the probability demand
mechanism when N is sufficiently large.

Proposition 4. a
Given a distribution of preferences f , there exists an ↵ > 0 such that for any N , the expected

revenues from any no-tie Bayesian Nash Equilibrium of a highest bid mechanism are less

than P � ↵.

A direct corollary of this result is that when N is sufficiently large, expected revenues
from the probability demand mechanism are greater than the expected revenues from any
“no-tie” equilibrium of a highest bid mechanism.

Corollary 2. a
Assume bidders play undominated strategies. Given distribution of preferences f , there exists

an N such that for all N > N , expected revenues of the probability demand mechanism exceed

the expected revenues of any no-tie Bayesian Nash Equilibrium of a highest bid mechanism.

The results of this section show that when there are sufficiently many bidders, the prob-
ability demand mechanism has higher expected revenues than standard auctions. This in-
cludes the first price, second price and all pay auctions, as well as any of the three with
reserve prices or entry fees.

For comparisons, I can consider how the probability demand mechanism performs when
bidders have quasilinear preferences. While excluded, quasilinear preferences can be seen as
a limiting case of preferences that I study. With the quasilinearity restriction, the probability
demand mechanism is similar to the second price auction. Without positive wealth effects,
bidders do not have an incentive to overreport their probability demand curve. In fact,
truthful reporting is a dominant strategy. When preferences are quasilinear, a bidder’s
probability demand curve is an indicator function which is 1 when the price is under a
bidder’s valuation. Thus, the dominant strategy equilibrium of the probability demand
mechanism will be outcome equivalent to the second price auction. As the number of bidders
increase, the expected revenues from the second price auction will approach a revenue upper
bound for any individually rational mechanism. It is the presumed non-linearities implied
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by the normal good assumption that allows the auctioneer to obtain greater revenues using
the probability demand mechanism versus the second price auction, or any other standard
auctions.

In the next section, I use a numerical example to compare the expected revenues of the
probability demand mechanism with the expected revenues of the first and second price
auctions. In particular, I consider a setting where bidders are financially constrained. The
example shows that in practice, the probability demand mechanism can generate revenues
that exceed the revenues of the first or second price auction even when there are relatively
few bidders.

6 A numerical example

The results from the previous section show that expected revenues from the probability
demand mechanism exceed the expected revenues from standard auction formats when there
are sufficiently many bidders. This leads to other questions. First, how many bidders are
needed for the probability demand mechanism to generate greater revenues than standard
auction formats? And second, how much greater are the revenues from the probability
demand mechanism than other auction formats?

The answers to both questions depend on the assumed distribution of preferences. To
further study these questions, I consider a particular setting that is embedded in my model:
financially constrained bidders. Each bidder must borrow money to finance her payments
to the auctioneer. The interest rate rises in the amount that she borrows. This is a similar
setting to that studied by Che and Gale (1998). I find that revenues from the probability
demand mechanism exceed those from standard auction formats, even with a small number
of bidders. The differences in revenues are non-negligible.

6.1 The example

Bidders are financially constrained and have private values for the good for sale. Each
bidder has a valuation of the good vi, where vi ⇠ uniform[5, 15]. However, I depart from the
quasilinear environment by assuming that bidders are financially constrained. In order to
make payments to the auctioneer, a bidder borrows money from the bank. The interest rate
paid on a loan of m dollars is r(m), where

r(m) =

m

100

.
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The marginal cost of borrowing rises with the amount borrowed. The total amount the
bidder pays (with interest), mr(m), is convex and continuously increasing in m. A bidder’s
payoff is given by

ui(x,�m) = viIx=1 �m(1 + r(m)).

The utility functions satisfies Assumptions 1 and 2. That is, bidders have declining marginal
utility of money and positive wealth effects. The financing constraint is the only departure
from the quasilinear environment. 5

Even with few bidders, the probability demand mechanism has expected revenues that
exceed the revenues of standard auction formats. Using the methodology developed in section
3, a bidder’s probability demand curve can be expressed as,

qi(p) =

8
>>><

>>>:
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Figure 6.1: Probability demand curve for bidder i when vi = 10.

6.2 Revenue comparisons

I compare the lower bound on expected revenues from the probability demand mechanism
to the expected revenues of the first and second price auctions. I assume bidders truthfully
report their demand curves to obtain the lower bound on revenues in the probability demand
mechanism. Applying results of Che and Gale (1998) gives the equilibrium bidding function
for the first price auction. In the second price auction, it is a dominant strategy for a bidder

5For context, suppose the auctioneer is selling a house. The bidders as prospective buyers. If prices are
in units of $10, 000 or $100, 000 this can be seen as a rough approximation such a situation.
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to bid her willingness to pay for the good.6 Figure 6.2 illustrates the revenue comparisons
between the three formats using Monte Carlo simulations.
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Figure 6.2: Revenue comparisons between formats

The line marked with circles is the revenue lower bound for the probability demand
mechanism. Note that the line marked with squares represents the revenues of both the first
and second price auction. The results of Che and Gale (1998) show the first price has greater
expected revenues than the second price auction when bidders face financing constraints. In
this environment, the difference in expected revenues between first and second price auctions
are relatively small when compared to the expected revenue difference between either format
and the probability demand mechanism. When there are 4 or more bidders, the lower bound
on expected revenues from the probability demand mechanism exceeds the expected revenues
of both the first and second price auctions.

The diamond marked line is the expected value of the highest bidder’s willingness to pay
for the good. When there are 21 or more bidders, the lower bound on revenues from the
probability demand mechanism will actually exceed any bidder’s willingness to pay for the
(entire) good in expectation.

The difference between the lower bound on expected revenues from the probability de-
mand mechanism and the expected revenues from the first price auction is illustrated in
Figure 6.3. The expected revenue difference between the probability demand mechanism
is positive even when N is small. Also the difference in expected revenues between the
two formats grows as the number of bidders increases. As the number of bidders increases,

6The equilibrium bid functions are bf (vi) = 10
q

25 + 5
N + N�1

N vi � 50 and bs(vi) = 10
p
25 + vi � 50.
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expected revenue from the probability demand mechanism approaches 15. This contrasts
with the first and second price auctions. As the number of bidders increases, the expected
revenues approach the highest possible willingness to pay of any bidder. Here, this is 13.24.
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Figure 6.3: Revenue differential between lower bound on PDM and FPA

7 Discussion

In this section, I discuss four main points related to the probability demand mechanism:
the generality of the design setting, the ability to implement the mechanism in practice, the
robustness of the results and the use of randomization.

Setting - Unlike prior work in the literature, I do not make specific functional form
restrictions on bidder preferences. My results hold in a general setting that allows for mul-
tidimensional heterogeneity across bidders. It includes heterogeneity across bidders’ wealth
effects, risk preferences, initial wealth levels and financing/budget constraints. All that I
require is that bidders are risk averse and that the good is normal.

Practical implementation - A practitioner looking to implement the probability demand
mechanism may cite another concern: in order to implement the probability demand mech-
anism, a bidder must report a demand schedule for all non-negative prices. We cannot
practically expect bidders to be able to report entire functions. I can avoid this problem by
restricting bidders to submit a discrete number of bid points. Kastl (2010) actually shows
that in similar divisible good auctions used for selling treasury bills, buyers simply submit
step bid functions. That is, their bids are characterized by a finite number of bid points. In
fact, bidders often submit fewer bid-points than the maximal number allowed.

I can similarly discretize the probability demand mechanism. The discretetized probabil-
ity demand mechanism mechanism would be analogous to a multi-unit Vickrey auction. In
the simplest case, it is analogous to a multi-unit Vickrey auction for two indivisible goods,
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where the two goods are each a lottery ticket that gives a 1
2 chance of winning. I can use

an analogous proof to show underreporting demand is a dominated strategy in the discrete-
tized mechanism. With enough bidders, it has greater revenues than a first or second price
auction. As I increase the number of bid points, the mechanism will also be approximately
revenue maximizing when there are many bidders.

Robustness - The mechanism design literature has previously been criticized for assuming
too much common knowledge between the principal and agents. The Wilson doctrine (1987)
has led to research advocating the use of mechanisms that are robust to higher-order beliefs
(e.g. Bergemann and Morris (2005)). My predictions regarding the probability demand
mechanism are similarly robust. Proposition 2 shows that it is a dominated strategy for
a bidder to underreport her demand curve. The degree to which bidders overreport their
demand depends on higher order beliefs, but the lower bound on their report does not. I
use this lower bound on bidders reports to show that the probability demand mechanism
is approximately revenue maximizing (Proposition 3). In fact, Corollary 1 shows that with
enough bidders the probability demand mechanism has higher revenues than either the first
or second price auction when bidders play undominated strategies. These conclusions do
not assume that bidders share a common prior, and thus are robust to bidders’ higher-order
beliefs.

Randomization - I show that allowing for randomization can increase revenues relative
to commonly studied auctions which allocate the good to the highest bidder. This intuition
is discussed in section 3. People may find using randomization to sell goods - in particular,
large goods like a house - to be odd. However, upon further inspection, it need not be
the case. First, notice that the probability demand mechanism allows a bidder to win the
good with certainty should she report a sufficiently high demand curve. Moreover, standard
auctions still expose bidders to risk. At the interim stage of a first price auction, a bidder
still is uncertain as to whether or not her bid will win. The difference is that the probability
demand mechanism exposes bidders to risk ex-post, while standard auctions do not. Indeed,
we see evidence that such mechanisms have been used to sell goods. Examples include the
sale of Dutch art and housing raffles (discussed in introduction).

8 Conclusion

In the auctions literature, it is standard to restrict bidders’ preferences to be quasilinear. The
quasilinearity restriction allows for tractable analysis of bid behavior and provides specific
prescriptions on how to maximize revenue. However, there are many economic environments
where the quasilinearity restriction is violated. This includes cases where bidders have risk
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aversion, wealth effects or face financing constraints.
In this paper, I show that there are qualitative differences in auction design problems

without quasilinearity. Instead of using standard auctions where the good is given to the
highest bidder with probability one, the auctioneer prefers mechanisms where she can allocate
the good to one of many different bidders, each with strictly positive probability.

The key to the results is the assumption that the goods being sold in the auction are
normal goods. The normal good assumption ensures that bidders are willing to buy positive
probabilities of winning the good at prices per unit that exceed their willingness to pay of
the entire good. Standard auction formats, in which the good is sold to the highest bidder,
do not exploit this feature of bidder preferences.

I construct a probability demand mechanism that better exploits features of bidders’
risk preferences. The mechanism uses tools from the multiunit auctions literature - it sells
the indivisible good like a perfectly divisible good that is in net supply one by selling bid-
ders probabilities of winning. I show that with enough bidders, the probability demand
mechanism has greater revenues than any standard auction.

While the multidimensionality of the type space makes explicit characterizations of the
equilibria intractable, I still can obtain a partial characterization of bidder behavior by
exploiting the normal good assumption. In particular, I place lower bounds on what a bidder
reports to the auctioneer. Using the bounds on bidders’ reports, I construct a lower bound
on the expected revenues from the probability demand mechanism. With many bidders, the
lower bound on revenues the probability demand mechanism exceeds an upper bound for
revenues for a large class of standard auctions.

This paper studies the canonical private values auction setting, though a natural ex-
tension would apply the methodology developed here to an interdependent values setting.
The properties of bidder preferences that motivate the use of probabilistic allocations in the
private values case remain present in the interdependent values case; thus, similar results
should be expected. Similarly, we should expect analogous results to hold in a multiunit
settings.
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9 Appendix

Proof of Proposition 1. The curve qi(p) is weakly decreasing. Recall that qi(p) is
defined as

qi(p) = arg max

q2[0,1]
V (q,�qp).

Since V is continuous and increasing in both arguments, it follows that qi is weakly decreasing
in p.

Next, I show that qi(p) is continuous in p. Fix p̂ > 0 and let ql := limp!p̂+ qi(p) and
qh = limp!p̂� qi(p). If qi is continuous then ql = qh. Note that since qi is monotone, both
limits do exist and limp!p̂+ qi(p)  limp!p̂� qi(p).

Let xw and xl be the efficient payments when i wins with probability ql and pays p̂ql in
expectation. Similarly, let yw and yl be the efficient payments when i wins with probability
qh and pays p̂qh in expectation. Since Vi is continuous in both arguments Vi(ql,�p̂ql) =

Vi(qh,�p̂qh) =
1
2 (Vi(ql,�p̂ql) + Vi(qh,�p̂qh)). Rewriting the right hand side gives,

1

2

(qlui(1, wi � xw) + (1� ql)ui(0, wi � xl) + qhui(1, wi � yw) + (1� qh)ui(0, wi � yl)) ,

If xw 6= yw and/or xl 6= yl, then Jensen’s inequality implies

qlui(1, wi � xw) + qhui(1, wi � yw)

2

<

ql + qh

2

ui(1, wi �
qlxw + qhyw

ql + qh

)

and/or

(1� ql)ui(0, wi � xl) + (1� qh)ui(0, wi � yl)

2

<

✓
1� ql + 1� qh

2

◆
ui(0, wi�

(1� ql)xl + (1� qh)yl

1� ql + 1� qh

).

Let qm =

ql+qh
2 , zw =

qlxw+qhyw
ql+qh

and zl =
(1�ql)xl+(1�qh)yl

1�ql+1�qh
. Note that p̂qm = qmzm + (1� qm)zl

and
Vi(qm,�qmp̂) >

1

2

(Vi(ql,�p̂ql) + Vi(qh,�p̂qh)) = Vi(ql,�p̂ql).

Yet ql = argmaxq2[0,1] V (q,�qp̂). Since this contradicts, it then must be the case that both
xw = yw and xl = yl. This implies that qh = ql.

Finally I show that qi(ki + ✏) > 0 for some ✏ > 0. Given that I have shown that qi is
continuous and weakly decreasing, it suffices to show that qi(ki) > 0. Recall the function
k(u, w) defines the willingness to pay of an agent with preferences u and initial wealth w.
Here ki = k(ui, wi). For simplicity, I use the following notation: G(w) := ui(1, w) and
B(w) := ui(0, w). Since ui(x, w) is strictly increasing in w, both B and G are invertible.
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Since G

�1 and B are continuously differentiable, ki is continuously differentiable. Solving
for k gives k(ui, w) = w �G

�1
(B(w)). By the inverse function theorem, @k(ui,w)

@w
is,

@k(ui, w)

@w

= 1� 1

G

0
(G

�1
(B(w)))

B

0
(w).

Positive wealth effects imply @k(ui,w)
@w

> 0. Thus, G0
(G

�1
(B(w)) > B

0
(w). Recall:

k(ui, w) = w �G

�1
(B(w)) =) G

�1
(B(w)) = k(ui, w).

Thus,
G

0
(G

�1
(B(w))) > B

0
(w) =) G

0
(w � k(ui, w)) > B

0
(w).

At w = wi this implies that

@

@w

ui(1, wi � ki) >
@

@w

ui(0, wi).

By definition
ui(1, wi � ki) = ui(0, wi) =

1

2

(ui(1, wi � ki) + ui(0, wi)) .

For a small ✏ > 0

1

2

(ui(1, wi � ki + ✏) + ui(0, wi � ✏))

⇡ 1

2

(ui(1, wi � ki) + ui(0, wi)) + ✏

✓
@

@w

ui(1, wi � ki)�
@

@w

ui(0, wi)

◆
.

Since @
@w

ui(1, wi � ki) >
@
@w

ui(0, wi) it follows that

1

2

(ui(1, wi � ki + ✏) + ui(0, wi � ✏)) >

1

2

(ui(1, wi � ki) + ui(0, wi)) = ui(0, wi).

Note that if bidder i enters a gamble where she wins with probability 1
2 and pays ki � ✏

when winning and ✏ when losing, her utility is 1
2 (ui(1, wi � ki + ✏) + ui(0, wi � ✏)). Her

maximal expected utility from any gamble where she wins with probability 1
2 and pays ki

2 in
expectation is Vi(

1
2 ,�

ki
2 ). Thus,

Vi(
1

2

,�ki

2

) � 1

2

(ui(1, wi � ki + ✏) + ui(0, wi � ✏)) > ui(0, wi) = Vi(0, 0).

Recall
qi(ki) = arg max

q2[0,1]
Vi(q,�qki).
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Since Vi(
1
2 ,�

ki
2 ) > Vi(0, 0), it follows that qi(ki) 6= 0. Since qi(ki) 2 [0, 1] we have qi(ki) > 0.

It follows that qi(ki + ✏) > 0 for some ✏ > 0 by continuity of qi. ⇤

Proof of Proposition 2. I prove this by showing that if stating the demand curve
q̃i instead of qi does change bidder i’s payoff, she receives a lower payoff. Thus, I need to
only focus on cases where her payoff is changed by reporting q̃i instead of qi. I formalize the
intuition discussed in the text.

First consider a case where i faces a perfectly elastic residual probability demand curve
(i.e. a constant marginal price per unit of probability). It is a best response for her to
truthfully reveal her demand curve. Let pE > 0 be the constant marginal price for units of
probability. If her payoff is changed by reporting q̃i, then q̃i(pE) < qi(pE). By the definition
of qi, then qi(pE) = qi(pE). That is, if reporting q̃i does change her payoff, it is the case that,
q̃i is strictly below her demand for probability at pE. By the construction of the probability
demand curve, truthful reporting is a best response to a perfectly elastic supply curve. Thus,
she decreases her payoff by reporting type q̃i. Recalling that Vi is her indirect utility function
under efficient payments, it follows that

Vi(qi(pE),�pEqi(pE)) � Vi(q,�pEq) for any q 2 (0, 1).

Now consider instead that bidder i faces a more inelastic (relatively to perfectly elastic)
residual probability demand curve. Assume that the supply curve is such that Si(pE) =

qi(pE). Once again if her payoff is changed by reporting q̃i, then q̃i(pE) < qi(pE) = qi(pE),
using the same argument as before. Thus, she wins with a lower probability by reporting
q̃. Assume that if she reports q̃i, she pays ˜

X in expectation and wins with probability q̃(p̃),
where q̃i(p̃) = Si(p̃). Since her marginal price is strictly below pE, ˜

X < pE q̃i(p̃
⇤
). If she

instead reports qi, she wins with probability qi(pE) and pays a marginal price below pE

for the incremental probability of winning gained by reporting qi. Thus, she pays X 
˜

X + pE (qi(pE)� q̃i(p̃
⇤
)). I now want to show that reporting q̃i decreases her payoff relative

to reporting qi. Thus I want to show:

Vi (qi(pE),�X) � Vi(q̃i(p̃),� ˜

X).

Since X  ˜

X + pE (qi(pE)� q̃i(p̃
⇤
)), it is sufficient to show

Vi

⇣
qi(pE),�

⇣
˜

X + pE (qi(pE)� q̃i(p̃
⇤
))

⌘⌘
� Vi(q̃i(p̃),� ˜

X).
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Recall ˜

X < pE q̃i(p̃
⇤
). Let Y = pE q̃i(p̃

⇤
) � ˜

X > 0. Thus, the above expression can be
rewritten as:

Vi(qi(pE),�pEqi(pE) + Y ) � Vi(q̃i(p̃),�pE q̃i(p̃
⇤
) + Y ).

I have already shown that

Vi(qi(pE),�pEqi(pE)) � Vi(q̃i(p̃),�pE q̃i(p̃
⇤
)),

where qi(pE) > q̃i(p̃). Notice also that �pEqi(pE) + Y > �pE q̃i(p̃
⇤
) + Y . Thus it suffices to

show that
@

@Y

Vi(qi(pE),�pEqi(pE) + Y ) � @

@Y

Vi(q̃i(p̃),�pE q̃i(p̃
⇤
) + Y ),

for any Y > 0. I do this by using the envelope theorem. Recall that the indirect utility
function is the maximal expected utility conditional on winning with probability q and
paying x in expectation. Thus the marginal (expected) utility from an increase in Y equals

@

@Y

Vi(q,�X + Y ) =

@

@w

ui(0, wi � xl).

where xl is the losing payment in the efficient payment scheme where the bidder wins with
probability q and pays �X + Y in expectation. Note that for any Y > 0, under efficient
payments, bidder i pays less when losing by reporting q̃i instead of qi. This is because
she pays a greater amount in the latter and wins with higher probability. Recalling that
@
@Y

Vi(q,�X+Y ) =

@
@w

ui(0, wi�xl), the concavity of an agent’s utility function then implies

@

@Y

Vi(qi(pE),�pEqi(pE) + Y ) � @

@Y

Vi(q̃i(p̃),�pE q̃i(p̃
⇤
) + Y ), 8Y > 0.

This is what we wanted to show. ⇤

Proof of Remark 1. Consider a bidder i with type ti 2 supp(f). Consider a gamble
where i wins the good with probability q and pays x in expectation. If x > qP , then the
gamble violates the bidder’s individual rationality constraint. Note that qi(p) = 0 for any
p > P by definition. Thus,

Vi(0, 0) � Vi(q,�qP ) > Vi(q,�x).

Since Vi(q,�x) is i’s maximal expected utility from any gamble of the form, win with proba-
bility q and pay x in expectation, it follows that the gamble necessarily violates her individual
rationality when x > qP .
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Now consider a mechanism �. Let Qi(ti, t�i) represent the probability i is given the
object given she reports type ti and all other bidders report types t�i. Similarly Xi(ti, t�i)

is i’s expected payment given all other bidders report types t�i. Let Qi(ti) be i’s interim
probability of winning. Thus, Qi(ti) =

´
t�i

Qi(ti, t�i)f(ti, t�i)dt�i. I analogously define
Xi(ti). Interim individual rationality requires PQi(ti)  Xi(ti).

Thus the expected revenues from bidder i ex-ante are:
ˆ
t2T

Xi(t)f(t)dt  P

ˆ
t2T

Qi(t)f(t)dt.

Feasibility requires the object is allocated to any bidder with probability less than or equal
to 1, ex-ante.

NX

i=1

ˆ
t2T

Qi(t)f(t)dt  1.

Ex-ante expected revenues are:

NX

i=1

ˆ
t2T

Xi(t)f(t)dt  P

NX

i=1

ˆ
t2T

Qi(t)f(t)dt.  P . ⇤

Proof of Proposition 3. I assume all bidders truthfully report their probability
demand curves. Since it is a dominated strategy for bidders to underreport demand, this
can serve as a lower bound on bidder’s reports. This proof shows that with many bidders,
the marginal price of a unit of probability is near P with a high probability. Thus, the one
unit of probability is sold at a price per unit that approaches P .

I use the notation, q(p, ti) to represent the probability demand curve for a bidder with
type ti. Recall,

P := sup{p(t) : t 2 supp(f)}.

Fix ✏ > 0. Let ⌧(✏, �) := {t : q(P � ✏, t) > �, t 2 supp(f)}. This is the set of all types that
demand at least a � probability of winning at price P � ✏. By the definition of P , the set
⌧(✏, �) is non-empty when � > 0 is sufficiently small.

Note that:
NX

i=1

qi(P � ✏, ti) � �

NX

1=i

I
ti2v(✏,�) .

This states that the total demand at price P � ✏ is greater than the � times the number of
bidders whose demand strictly exceeds � at P .
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Suppose that �

PN
1=i Iti2v(✏,�) > 2. It follows that Si(P � ✏) = 0 for all i. That is, if

at price P � ✏, all bidders demands for probabilities of winning exceed 2, then there is zero
residual demand for each bidder at price P � ✏. Thus, if i wins with positive probability, she
pays a marginal price per unit that exceeds P � ✏. Thus, Xi � qi(p

⇤
)

�
P � ✏

�
for all i. Since

P
qi(p

⇤
) = 1, this implies that total expected transfers exceed P � ✏:

NX

i=1

Xi > P � ✏.

When � > 0 is sufficiently small, there is a strictly positive probability a randomly drawn
bidder has type t 2 ⌧(✏, �). That is, there is a positive probability that a randomly drawn
bidder demands at least a � probability of winning the good when she pays a price of P � ✏.
Let ⌫(✏, �) represent this probability:

⌫(✏, �) =

ˆ
t2⌧(✏,�)

f(t)dt.

Suppose � > 0 is such that ⌫(✏, �) > 0. Then, by the law of large numbers, as N ! 1
the probability that the sum �

PN
1=i Iti2v(✏,�) exceeds 2 approaches 1. The intuition is

straightforward. There is a ⌫(✏, �) > 0 chance a randomly drawn bidder i has type ti such
that qi(P � ✏, ti) > �. Thus, with enough bidders, the probability that there are at least 2

�

such bidders approaches 1.
Thus, for any ↵ 2 (0, 1), there is a finite N(↵) such that there is a 1�↵ probability that

�

PN
1=i Iti2v(✏,�) > 2. Since ↵ and ✏ are arbitrary, let them be arbitrarily close to 0 when

N is sufficiently large. Thus with a sufficiently large N , total payments exceed P � ✏ with
probability 1�↵, where both ↵ and ✏ are arbitrarily small. This yields the desired result. ⇤

Proof of Proposition 4. First I consider a bidder’s preferences over gambles. First, I
will place a bound on how much a bidder is willing to pay for a gamble where she wins the
good with an arbitrary probability q. I will then use this bound on a bidder’s willingness to
pay for a gamble to obtain a bound on the revenue from any highest bid wins mechanism.

Recall that Vi(q,�x) represents the maximal expected utility of bidder i from any gamble
where she wins the good with probability q and pays x in expectation. Let V (q,�x, ti) be
the indirect utility function of type ti 2 T . Note that V is continuously increasing in q (the
probability i wins) and �x (her expected payment).
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I define the function R(q, ti) as

R(q, ti) : V (q,�R(q, ti), ti) = V (0, 0, ti).

That is, R(q, ti) is the most that bidder i will pay (in expectation) for a gamble where she
wins the good with probability q. Any gamble where i wins with probability q and pays
greater than R(q, ti) in expectation will violate her individual rationality constraint. Since
V is continuous in q and x, it follows that R is continuous in q.

First I show that R(q, ti) is strictly concave in q. To show that R is strictly concave, I
show that if qm = ↵qL + (1� ↵)qH , where ↵, qL, qH 2 (0, 1), then

R(qm, ti) > ↵R(qL, ti) + (1� ↵)R(qH , ti).

There exists payments pL,w and pL,l where R(qL, ti) = qLpL,w + (1� qL)pL,l and

V (0, 0, ti) = qLu(1, wi � pL,w, ti) + (1� qL)u(0, wi � pL,l, ti).

Similarly there are analogous payments pH,w and pH,l where R(qH , ti) = qHpH,w+(1�qH)pH,l

and

V (0, 0, ti) = qHu(1, wi � pH,w, ti) + (1� qH)u(0, wi � pH,l, ti).

Thus,
V (0, 0, ti) = ↵V (qL,�R(qL, ti), ti) + (1� ↵)V (qH ,�R(qH , ti), ti)

where
V (qL,�R(qL, ti), ti) = qLu(1, wi � pL,w, ti) + (1� qL)u(0, wi � pL,l, ti)

and
V (qH ,�R(qH , ti), ti) = qHu(1, wi � pH,w, ti) + (1� qH)u(0, wi � pH,l, ti).

Since both u(x, w, ti) is strictly concave in w for x = 0, 1, then

qmui(1, wi�(↵pL,w + (1� ↵)pH,w) , ti)+(1�qm)ui(0, wi�(↵pL,l + (1� ↵)pH,l) , ti) > V (0, 0, ti).

Thus, V (qm,� (↵R(qL, ti) + (1� ↵)R(qH , ti)) , ti) > V (0, 0, ti). This holds, because the above
inequality shows there is a gamble where i wins with probability qm and pays ↵R(qL, ti) +

(1� ↵)R(qH , ti) expectation, and has expected utility that exceeds V (0, 0, ti).
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Recall that V (q,�x, ti) is strictly decreasing in x and I define the function R(q, ti) as

R(q, ti) : V (q,�R(q, ti), ti) = V (0, 0, ti).

Thus, R(qm, ti) > ↵R(qL, ti) + (1� ↵)R(qH , ti), which shows that R is strictly concave in q.
In addition, R(0, ti) = 0 (i.e. no bidder is willing to pay any money for a zero probability of
winning). Thus, the function R(q,ti)

q
is strictly decreasing in q over (0, 1).

I will define the function R(q) = maxt2T R(q, t). This is the most any bidder is willing
to pay for a q probability of winning the good (in expectation). Since R(q,t)

q
is decreasing

in q and preferences are continuous in t, it follows that R(q)
q

is strictly decreasing in q. In
addition, R(q)

q
 P . Thus,

´
q2[0,1]

R(q)
q

< P .
Recall that any bidder where i wins with probability q and pays X > qP in expectation

gives an expected payoff below V (0, 0, ti). Thus, qP � R(q, ti). Since R(q,ti)
q

is strictly
decreasing in q over (0, 1), then P >

R(q,ti)
q

for all q 2 (0, 1).
I now use this result to place a revenue upper bound on any no-tie Bayes Nash equilibrium

of a highest bid mechanism.
Let �i(ti) represent i0s strategy in a highest bid mechanism. That is, �i : T ! �(R+). Let

�

⇤ denote a no-tie Bayes Nash equilibrium of this highest bid mechanism, �⇤
= {�⇤

1 . . . �
⇤
N}.

Given �

⇤, there is a distribution of winning bid. Let Fi(b) denote the cumulative distribution
function of i’s bids from the ex-ante point of view, given that she plays strategy �

⇤
i .

If i submits a bid of b she wins with probability
Q

j 6=i Fj(b). Let Xi(b) be the expected
payment of i if she bids b. The above result shows that Xi(b)  R(

Q
j 6=i Fj(b)).

Let G denote the ex-ante distribution of the highest bid submitted. Note that 1

G(b) =

NY

i=1

Fi(b).

By the no-tie restriction, G is continuous and increasing. Thus, it is differentiable almost
everywhere and feasibility requires the object is never given away with probability that
exceeds 1. That is, ˆ

b2R+

G

0
(b)db  1,

where

G

0
(b) =

NX

i=1

 
F 0

i(b)

Y

j 6=i

Fj(b)

!
.

Let bc be such that G(bc) = .5. That is, there is a .5 probability that the winning bid is
below .5. Define the function wi(b) =

Q
j 6=i Fj(b). This is the probability i wins with bid b.
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Note that wi(bc) � .5 for all i. Since R(q)
q

is strictly decreasing and bounded above by P ,
then there exists a � > 0 where R(q)

q
< P � � for all q � .5. Thus,

R(wi(b))

wi(b)
< P � � if b � bc.

This means that if you submit a bid where you win with probability .5 or greater, you must
pay a price per unit of probability that is strictly below P � �.

The expected transfers from i is,

ˆ
b2R+

Xi(b)F 0
i(b)db 

ˆ
b2R+

R(wi(b))

wi(b)

 
Y

j 6=i

Fj(b)

!
F 0

i(b)db.

Total transfers are then,

NX

i=1

ˆ
b2R+

Xi(b)F 0
i(b)db 

ˆ
b2R+

NX

i=1

R(wi(b))

wi(b)

 
Y

j 6=i

Fj(b)

!
F 0

i(b)db.

Since R(q)
q

 P and R(q)
q

 P � � when q > .5, I can then write

NX

i=1

ˆ
b2R+

Xi(b)F 0
i(b)db 

ˆ
b2R+

NX

i=1

 
Y

j 6=i

Fj(b)

!
F 0

i(b)
�
P Ib<bc +

�
P � �

�
Ib�bc

�
db.

Note that G

0
(b) =

PN
i=1

⇣Q
j 6=i Fj(b)

⌘
F 0

i(b) and G(bc) = .5. Thus,

NX

i=1

ˆ
b2R+

Xi(b)F 0
i(b)db  P � 1

2

�.

Since � > 0 is fixed for all N , we have that revenues from a highest bid wins mechanism are
bound by P � 1

2�. ⇤

37



References

[1] Mark Armstrong. Price discrimination by a many-product firm. Review of Economic
Studies, 66(1):151–168, 1999.

[2] Lawrence M. Ausubel. An efficient ascending-bid auction for multiple objects. American
Economic Review, 94(5):1452–1475, 2004.

[3] Brian Baisa. Probability weighting and auction design. Working Paper, 2012.

[4] Patrick Bajari and Ali Hortacsu. Are structural estimates of auction models reasonable?
evidence from experimental data. Working Paper, 2005.

[5] Dirk Bergemann and Stephen Morris. Robust mechanism design. Econometrica,
73(6):1771–1813, November 2005.

[6] Eric B. Budish and Lisa N. Takeyama. Buy prices in online auctions: irrationality on
the internet? Economic Letters, pages 325–333, 2001.

[7] L. Elisa Celis, Gregory Lewis, Markus M. Mobius, and Hamid Nazerzadeh. Buy-it-now
or take-a-chance. price discrimination through randomized auctions. Working Paper,
2012.

[8] Yeon-Koo Che and Ian Gale. Expected revenue of all-pay auctions and first-price sealed-
bid auctions with budget constraints. Economic Letters, 50:373–379, 1996.

[9] Yeon-Koo Che and Ian Gale. Standard auctions with financially constrained standard
auctions with financially constrained bidders. Review of Economic Studies, 65:1–21,
1998.

[10] Yeon-Koo Che and Ian Gale. The optimal mechanism for selling to a budget-constrained
buyer. Journal of Economic Theory, 92:198–233, 2000.

[11] Yeon-Koo Che and Ian Gale. Revenue comparisons for auctions when bidders have
arbitrary types. Theoretical Economics, pages 95–118, 2006.

[12] Yeon-Koo Che, Ian Gale, and Jinwoo Kim. Assigning resources to budget-constrained
agents. Review of Economic Studies, 80(1):73–107, 2013.

[13] Peter Cramton, Ulrich Gall, Pacharasut Sujarittanonta, and Robert Wilson. Applicant
auctions for internet top-level domains: Resolving conflicts efficiently. Working paper,
2013.

38



[14] Jacques Crémer and Richard P. McLean. Full extraction of the surplus in bayesian and
dominant strategy auctions. Econometrica, 56(6):1988, November 1988.

[15] Neil DeMarchi. The role of dutch auctions and lotteries in shaping the ark market(s)
of 17th century holland. Journal of Economic Behavior and Organization, 28:203–221,
1995.

[16] Shahar Dobzinski, Ron Lavi, and Noam Nisan. Multi-unit auctions with budget limits.
Games and Economic Behavior, 74(2):486–503, 2012.

[17] Steven M. Fazzari, R. Glenn Hubbard, and Bruce C. Petersen. Financing constraints
and corporate investment. Brookings Papers on Economic Activity, (1):141–195, 1988.

[18] Jacob K. Goeree, Charles A. Holt, and Thomas R. Palfrey. Quantal response equilibrium
and overbidding in private-value auctions. Journal of Economic Theory, 104:247–272,
2002.

[19] Jerry R. Green and Jean-Jacques Laffont. Posterior implementability in a two-person
decision problem. Econometrica, 55(1):69–94, 1987.

[20] Isa E. Hafalir, R. Ravi, and Amin Sayedi. A near pareto optimal auction with budget
constraints. Games and Economic Behavior, 74:699–708, 2012.

[21] Sergiu Hart and Noam Nisan. Approximate revenue maximization with multiple items.
Working Paper, April 2012.

[22] Audrey Hu, Steven A. Matthews, and Liang Zou. Risk aversion and optimal reserve
prices in the first- and second-price auctions. Journal of Economic Theory, 145:1188–
1202, 2010.

[23] Audrey Hu, Theo Offerman, and Liang Zou. How risk sharing may enhance efficiency
in english auctions. Working Paper, April 2012.

[24] Jakub Kastl. Discrete bids and empirical inference in divisible good auctions. Review
of Economic Studies, 78(3):974–1014, 2011.

[25] Vijay Krishna. Auction Theory. Academic Press, 2002.

[26] Ng Kwang. Why do people buy lottery tickets? choices involving risk and the indivisi-
bility of expenditure. Journal of Political Economy, 73(5):530–535, October 1965.

[27] Jean-Jacques Laffont and Jacques Robert. Optimal auction with financially constrained
buyers. Economic Letters, 52:181–186, 1996.

39



[28] Eric Maskin. Auctions, development and privatization: Efficient auctions with liquidity-
constrained buyers. European Economic Review, 44:667–681, 2000.

[29] Eric Maskin and John Riley. Optimal auctions with risk averse buyers. Econometrica,
52(6):1473–1518, November 1984.

[30] Steven A. Matthews. Selling to risk averse buyers with unobservable tastes. Journal of
Economic Theory, 30(2):370–400, 1983.

[31] Steven A. Matthews. Comparing auctions for risk averse buyers: A buyer’s point of
view. Econometrica, 55(3):633–646, 1987.

[32] Christopher J. Mayer. Assesing the performance of real estate auctions. Real Estate
Economics, 26(1):41–66, 1998.

[33] Paul Milgrom. Putting Auction Theory to Work. Cambridge University Press, 2004.

[34] Roger B. Myerson. Optimal auction design. Mathematics of Operations Research, 6(1),
February 1981.

[35] Roger B. Myerson. Game Theory: Analysis of Conflict. Harvard University Press, 1991.

[36] Mallesh M. Pai and Rakesh Vohra. Optimal auctions with financially constrained bid-
ders. Working Paper, September 2010.

[37] Philip J. Reny. On the existence of monotone pure-strategy equilibria in bayesian games.
Econometrica, 79:499–553, 2011.

[38] John G. Riley and William F. Samuelson. Optimal auctions. American Economic
Review, 71(3):381–392, June 1981.

[39] William Vickrey. Counterspeculation, auctions, and competitive sealed tenders. Journal
of Finance, 16(1):8–37, 1961.

[40] Robert Wilson. Game-theoretic analyses of trading processes. In Advances in Economic
Theory: Fifth World Congress, ed. Truman Bewley, pages 33–70, 1987.

40


