
Physics 30 – Midterm 1 – Spring 2010
Boiling point of water (20 points)
Using thermodynamic data from the end of Schroeder’s appendix, consider 1 mole of gaseous 
vs liquid water:
1. From the relation between H and G, show that the ΔGgl, ΔHgl and Sgl (as computed from the 

table) are self-consistent.  I am writing ΔGgl for the free energy different ΔGg-ΔGl; since this 
is actually a difference between ΔG’s, chemists often write it as ΔΔG.

2. Assuming that ΔG, ΔH and S do not change with temperature, calculate the boiling point of 
water at atmospheric pressure.  Your prediction will be too low because G, H and S are not, 
in fact, independent of temperature.

3. What is the energy difference ΔUgl between gas and liquid water?  Since interactions 
between gas molecules are generally small (and in fact zero in the ideal gas limit), most of 
this energy difference is caused by interactions in liquid water.  Liquid water is actually 
enormously complex and the interaction energy (or, even worse, the entropy) is very hard to 
calculate from first principles.

Non-symmetric random walk (40 points).
Derive the advection-diffusion equation corresponding to a 
random walk with different-sized steps in the left and right 
directions: leftward steps of length l occur with probability 
q and rightward step of length 2l occur with probability p.  
The time between steps is τ and p+q=1.  There are many 
ways to do this, but I suggest that you
1. Write a finite difference equation for the number of 

walkers at position x at time t, n(x,t).  n(x,t+τ) is related 
to n(x-l,t) and n(x+2l,t) and the probabilities p and q.

2. Find a continuous approximation to the equation in (1), 
assuming l and τ are small.  This is most easily done by 
Taylor expanding n(x-l,t) and n(x+2l,t) around n(x,t).

3. Massage (2) into the form ∂n/∂t = D ∂2n/∂x2 - v ∂n/∂x.  
This will give concrete expressions for the advective 
(aka drift) velocity v and the diffusion coefficient D, in 
terms of p, q, l and τ.

4. Show that the unbiased (v=0) random walk has p = q/2 
and D = 2 Dsym, where Dsym is the diffusion coefficient for the symmetric random walk (steps 
±l): Dsym = l2/2τ.

5. Find v (in $/turn) and D (in $2/turn) for $10 roulette bets on the left, middle, or right 
columns.  These bets pay 2:1.  Reminder: in addition to the numbers 1-36, a roulette wheel 
contains 0 and 00 which always lose.  
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Modified spin-1/2 paramagnet (40 points)
Consider a top-heavy spin-1/2 noninteracting paramagnet.  The top and bottom 
of the spin have masses m+ and m-; later we will use Δm ≡ m+–m-.   Each 
individual spin contributes a magnetization ±µ.  The spins can orient 
vertically (up/down) and are exposed to a magnetic field in the vertical 
direction (+z).    If there are N spins in the paramagnet, the multiplicity is 
unchanged from the expression in your textbook: 
Ω(N,n↑) = N!/(n↑)! (n↓)!
1. Construct the free energy of this system when it is in contact with a 

heat reservoir at temperature T:
1.1. Write the interaction energy U, in terms of µ, B, Δm, l, g (the 

acceleration due to gravity), and n↑ – n↓.  
1.2. Write the free energy using (in addition to the terms from the 

previous part) k, T and ln Ω.
2. Solve for the magnetization per molecule M/N as a function of temperature.  

You can do this rigorously (remembering that 
d(ln x!)/dx ≈ ln x) or, much more simply, you can map this problem onto the known solution 
for the paramagnet.

3. Under the parity operation (inversion of the z axis), B flips sign.  
3.1. In the non-top-heavy paramagnet, what happens to M, S, n↑ and n↓?  (Your answers 

should be simple.)  If you wanted to be fancy, you could call M and S parity 
eigenstates.

3.2. In the top-heavy paramagnet, show that the behavior of M, S, n↑ and n↓ is not so 
simple.  Why not?  That is, what breaks the symmetry of the normal paramagnet and 
makes M and S no longer be parity eigenstates?

Bonus problem: Temperature distribution in the Earth (15 extra points)
A recent colloquium speaker discussed energy production inside the Earth from radioactive 
decays.  Assuming that
  (a) radioactive nuclei are uniformly distributed through the Earth, producing power at a 
constant density ρ* (W m-3), and
  (b) the Earth is an isotropic, incompressible solid with thermal conductivity κ equal to that of 
granite (2.1 W m-1 K-1),
1. Find a function for the radial temperature distribution inside the Earth, in terms of ρ*, κ and 

RE; for simplicity you can set the surface of the Earth to 0 K.  This can be done “properly” 
using PDE’s in spherical coordinates, or more easily by thinking about balancing power 
inside / through the surface of a sphere.

2. The speaker stated that radioactive decays produce about 30 TW of power.  (Notice the 
appropriateness of the units).  From this information, find
2.1. the temperature gradient at the surface of the Earth, and 
2.2. the temperature at the center of the Earth.
The actual values are around 30 ºC km-1  and 6000K.  The former is suspiciously close to our 
estimate1 but the latter is not, indicating that there is something wrong with at least one 
(and, in fact, both) of the assumptions in (a) and (b). 

Remember that the circumference of the Earth is 4 x 10,000 km and that 1 TW = 1012 W.  
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1 I suspect that the 30 TW figure was actually calculated from the measured surface geothermal gradient.


