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Algebra February 2019

1. [25 points] Let G be a group, let H ⊆ G be a subgroup, and define the normalizer of
H to be

N(H) = {x ∈ G : x−1Hx = H}.

(a) [18 points] Prove that N(H) is a subgroup of G.

(b) [7 points] It is a fact, which you may assume, that H is a subgroup of N(H). Prove
that H is a normal subgroup of N(H).

2. [25 points] Let G1, G2 be groups, let H2 ⊆ G2 be a subgroup, and let φ : G1 → G2 be a
homomorphism. Define

H1 = {x ∈ G1 : φ(x) ∈ H2}.

It is a fact, which you may assume, that H1 is a subgroup of G1.

Prove that for any x, y ∈ G1, H1x = H1y if and only if H2φ(x) = H2φ(y).

3. [25 points] Consider the group S6 of permutations of the set {1, 2, 3, 4, 5, 6}. Let σ ∈ S6

be the permutation
σ = (3 6 2)(1 6 3)(1 4 2 5)(4 6).

(a) [9 points] Write σ as a product of disjoint cycles.

(b) [7 points] Compute the order of σ.

(c) [9 points] For each i = 1, 2, 3, 4, 5, let τi = (i 6)σ. For each such i, determine
whether τi is σ even or odd.

4. [25 points] Let R be a ring.

(a) [6 points] Define what it means for a subset I ⊆ R to be an ideal of R.

If you use any other technical terms like “closed,” “subring,” “group,” “subgroup,”
etc., you must fully define those terms as well.

(b) [19 points] Let R be the ring of continuous functions f : R→ R from the real line
to itself, under the usual operations of multiplication and addition of functions.
(You may assume that R is indeed a ring under these operations.) Let

I = {f ∈ R : f(3) = f(5) = 0}.

Prove that I is an ideal of R.
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