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Multivariable Calculus and Linear Algebra January 2020

1. [25 points] Suppose a hiker is standing near the peak of a small mountain described by
the function f(x, y) = 5400−

√
x2 + y2 (all units in feet). If the hiker is currently at the

point (6,8) and facing the direction given by the vector 〈3, −4〉, what slope is the hiker
experiencing as they begin to take their next step? Are they going downhill or uphill?

2. [25 points] Find the absolute maximum and minimum values of the function

f(x, y) = xy

subject to the constraint 4x2 + 9y2 = 32. Clearly state the points at which the extrema
occur.

3. [25 points] Find the volume of the region that is inside the sphere x2 + y2 + z2 = 4 and
above the cone z =

√
3x2 + 3y2.

4. [25 points] Compute

∫
C

(lnx + y) dx− x2 dy where C is the rectangle with vertices (1, 1),

(3, 1), (3, 4), and (1, 4), traversed in the counterclockwise direction.

5. Let A =

 1 −2 −3 3
−1 2 0 3
−1 2 −2 7

 .

(a) [5 points] Explain what is meant by the null space (or kernel) of a matrix.

(b) [10 points] Find a basis for the null space (kernel) of A.

(c) [10 points] Find a basis for the column space (span of the columns) of A.

6. [25 points] Suppose that {v1,v2,v3} is a basis of a vector space V . Prove that

{v1 − v3,v2 − v3,v1 + v2 + v3}

is also a basis for V .

7. Let V be a vector space, and let S = {v1,v2,v3} be a set of three vectors. Define
T : R3 → V by

T

xy
z

 = xv1 + yv2 + zv3.

(a) [5 points] Prove that T is a linear transformation.

(b) [10 points] Prove that if S is linearly independent, then T is one-to-one (injective).

(c) [10 points] Prove that if Span(S) = V , then T is onto (surjective).

8. Let A =

−4 3 0
−6 5 0
0 0 −1

 .

(a) [10 points] Determine the eigenvalues of A.

(b) [15 points] For a basis for the eigenspace of each eigenvalue.
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