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Outline

@ Differential geometry of weightings:

o definition & morphisms,
o construction of vy (M, N) & s (M, N)
o weighted submanifolds & weighted submersions,

@ multiplicative weightings for Lie groupoids
@ infinitesimally multiplicative weightings for Lie algebroids

@ differentiation of multiplicative weightings
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Weightings

Definition (Loizides-Meinrenken, 2020)
Fix weights 0 <wy <---<w,<reZ.
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Weightings
Definition (Loizides-Meinrenken, 2020)
Fix weights 0 < wy < --- < w, < r € Z. A filtration
CP(M) = C*(M)g) 2 C¥(M)1) 2 C*(M) ) 2 - (1)
is a weighting of M if locally one has coordinates x; so that

feC®(M)y < flx)= ) x*fu(x),

ot =i

where |a| = >0, ajw;.
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Weightings
Definition (Loizides-Meinrenken, 2020)
Fix weights 0 < wy < --- < w, < r € Z. A filtration
CP(M) = C*(M)g) 2 C¥(M)1) 2 C*(M) ) 2 - (1)
is a weighting of M if locally one has coordinates x; so that

feC®(M)y < flx)= ) x*fu(x),

ot =i

where |a| = > ; ajw;. A map f: M — M’ is a weighted morphism if

F*CO(M') sy € C®(M) sy Vi.

Remark: C°°(M)) = Zy for a closed submanifold N C M. (M, N) is a
weighted manifold pair.
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The trivial weighting of M along N is given by

CO(M)2InD Iy 2D




Example

Example
The trivial weighting of M along N is given by

CO(M)2InyDIF 2D

Example
(M, N) = (R?,{0}), wt(x) = 1, wt(y) = 3:
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Example

Example
The trivial weighting of M along N is given by

CO(M)2InyDIF 2D

Example
(M, N) = (R?,{0}), wt(x) = 1, wt(y) = 3:

CO(R%) 2 (x,y) 2 (x*,y) 2 (3, y) 2 (x*,xy,y*) D -
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An order r weighting of M along N determines a:



Weightings

An order r weighting of M along N determines a:

@ filtration of vector fields:

X(M) = X(M)(—r) 2 X(M)(—ry1) 2 -
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Weightings

An order r weighting of M along N determines a:

@ filtration of vector fields:
X(M)=X(M)—p) 2 X(M)(—rq1) 2 -+~
@ filtration of k-forms:

QK(M) = Q“(M)(q) 2 Q(M) () 2
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Weighted Normal Bundle
For a weighted pair (M, N), let

gr(C(M)) = P C=(M)(i)/ C= (M) i41).

i>0
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Weighted Normal Bundle

For a weighted pair (M, N), let

gr(C(M)) = P C=(M)(i)/ C= (M) i41).

i>0
Theorem (Loizides-Meinrenken, 2020, c.f. Haj-Higson, 2018)
The weighted normal bundle
vy (M, N) := Hom,g(gr(C>°(M)), R)
is a graded bundle over N of dimension dim(M) s.t.
gr(C(M)) C C®(vw(M, N)).

This construction is functorial for weighted morphisms.
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Weighted Deformation Space

For a weighted pair (M, N) let

Rees(C>(M {Z fiz7 " fi e COO(M)(,-)} C C®(M)[z,z71].

i€Z
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Weighted Deformation Space

For a weighted pair (M, N) let

Rees(C>(M {Z fiz7 " fi e COO(M)(,-)} C C®(M)[z,z71].

i€Z
Theorem (Loizides-Meinrenken, 2020, c.f. Haj-Higson, 2018)
The weighted deformation space
dw(M, N) := Hom,g (Rees(C>(M)), R)
has C structure of dimension dim(M) + 1 s.t

Rees(C™>(M)) C C*=(ow(M, N)).

This construction is functorial for weighted morphisms.
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There is a surjective submersion 7 : dyy(M, N) — R giving the
decomposition
Sw(M, N) = (M, N)| | M x R*.



Example

There is a surjective submersion 7 : dyy(M, N) — R giving the
decomposition

Sw(M, N) = vy (M, N) |_| M x R*.

Example
@ (M x M, Apy)=TMU (M x M x R*), Connes' tangent groupoid. J
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Question

Suppose that G = M is weighted along H. What are the correct
conditions on the weighting so that (G, H) and o (G, H) are Lie
groupoids?
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Multiplicative Weightings

Definition
Suppose that G = M is weighted along H = N. (G, H) is multiplicatively
weighted if

@ M C G is a weighted submanifold,

@ s,t: G — M are weighted submersions,

@ mult : G@ — G is a weighted morphism,

@ inv: G — G is a weighted morphism.
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Weighted Submanifolds

Definition
A submanifold R of a weighted pair (M, N) is called a weighted
submanifold if there exists a weighted atlas of submanifold charts.
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Weighted Submanifolds

Definition
A submanifold R of a weighted pair (M, N) is called a weighted
submanifold if there exists a weighted atlas of submanifold charts.

R inherits a weighting along R N N via the filtration
C*(R)(iy = C=(M)iy/(Zr N C=(M)iy)

s.t. R — M is weighted.
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Weighted Submanifolds

Examples

o M is trivially weighted along N, then R C (M, N) is a weighted
submanifold iff R intersects N cleanly.
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Weighted Submanifolds

Examples

o M is trivially weighted along N, then R C (M, N) is a weighted
submanifold iff R intersects N cleanly.

o R2, wt(x) =1 and wt(y) = 3. The curve y = x?

submanifold of (R2, {0}).

is not a weighted
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Weighted Morphisms

Definitions
A weighted morphism f : (M, N) — (M', N') is a weighted submersion if

the induced map

Sw(f) : dw(M, N) = spw(M', N')

is a submersion. |
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Weighted Morphisms

Definitions

A weighted morphism f : (M, N) — (M', N') is a weighted submersion if
the induced map

5w(f) : 5w(M, N) — (5)/\}(/\/”, NI)

is a submersion.

Proposition

If £:(M,N)— (M',N')is a weighted submersion and R’ is a weighted
submanifold of (M’, N), then f~1(R’) is a weighted submanifold of
(M, N).
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Multiplicative Weightings

Definition
Suppose that G = M is weighted along H. (G, H) is multiplicatively
weighted if

@ M C G is a weighted submanifold,

@ s,t: G — M are weighted submersions,

® mult: G® = Gisa weighted morphism,

@ inv: G — G is a weighted morphism.
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Multiplicative Weightings

Theorem

If G = M is multiplicatively weighted along H = N, then

VW(GaH)jVW(IVLN) and 5W(G7H)35W(Ma N)

are Lie groupoids.
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Multiplicative Weightings

Examples

o The trivial weighting of G along H is multiplicative iff H is a Lie
subgroupoid.
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Multiplicative Weightings

Examples

o The trivial weighting of G along H is multiplicative iff H is a Lie
subgroupoid.

o Connes' tangent groupoid:
oy (Pair(M), Ay) = TM.
o Osculating tangent groupoid:

6W(Pair(M), AM) = THM
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What is the infinitesimal analogue of multiplicative weightings? l




Linear Weightings

Definition

Let V be a rank k vector bundle over the weighted manifold M, and fix
weights vy, ..., vx € Z.
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Linear Weightings

Definition
Let V be a rank k vector bundle over the weighted manifold M, and fix
weights vi,...,vx € Z. A linear weighting of V is a filtration

2T(V)iy 2T(V)(i41) 2 -

s.t. locally one has a frame o, s.t.

k
ocel(V)y < o= Zfaaa
a=1

with f; € COO(M)(i_Va).
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If (M, N) is a weighted pair, then




If (M, N) is a weighted pair, then
@ X(M) is a linear weighting of TM,




If (M, N) is a weighted pair, then
@ X(M) is a linear weighting of TM,
(#] Ql(M)(,-) is a linear weighting of T*M




Example

Example

If (M, N) is a weighted pair, then
@ X(M)jy is a linear weighting of TM,
@ Ql(/\/l)(,-) is a linear weighting of T*M

Dual weighting & Weighted morphisms
If V is linearly weighted then V* is linearly weighted with

TV )iy =A{r€l(V"):V), o €T (V) = (1,0) € CZ(M)(ivj}-

Daniel Hudson (Toronto) Lie Weightings

March 18, 2023

19 /25



Example

Example

If (M, N) is a weighted pair, then
@ X(M)jy is a linear weighting of TM,
@ Ql(/\/l)(,-) is a linear weighting of T*M

Dual weighting & Weighted morphisms
If V is linearly weighted then V* is linearly weighted with

TV )iy =A{r€l(V"):V), o €T (V) = (1,0) € CZ(M)(ivj}-

A VB-morphism ¢ : V — W is weighted if the base map ¢|p : M — M’ is
weighted and

QO* : F(W*)(,) — F(V*)(,)
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Linear Weighted Normal Bundle & Deformation Bundle

For V linearly weighted let

gr(M(V)) = BT (V)i /T(V)(isa)-

i€Z
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Linear Weighted Normal Bundle & Deformation Bundle

For V linearly weighted let

gr(M(V)) = BT (V)i /T(V)(isa)-

i€Z

Theorem
The space

vw(V) = {(#,¥) : ¢ € vw(M, N), 4 € Homy(gr(F(V7)), R)}

is a smooth vector bundle over vyy(M, N) = Hom,, (gr(C>*(M)),R).
This construction is functorial for weighted VI3-morphisms

Daniel Hudson (Toronto) Lie Weightings March 18, 2023 20 / 25



Linear Weighted Normal Bundle & Deformation Bundle

For V linearly weighted let

Rees(I = {Z oz o V)(,-)} )

i€Z
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Linear Weighted Normal Bundle & Deformation Bundle

For V linearly weighted let

Theorem
The weighted deformation bundle

ow(V) :=A{(p, %) : ¢ € vw(M, N), > € Homy(Rees(M(V*)), R)}

is a smooth vector bundle over dyy(M, N). This construction is functorial
for weighted VB-morphisms
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Infinitesimally Multiplicative Weightings

Definition/Theorem

Suppose A = M is a linearly weighted Lie algebroid. TFAE:
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Infinitesimally Multiplicative Weightings

Definition/Theorem
Suppose A = M is a linearly weighted Lie algebroid. TFAE:

@ o [[(A)u,N(A ) ]Cr( i)
o a:T(A)
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Infinitesimally Multiplicative Weightings

Definition/Theorem
Suppose A = M is a linearly weighted Lie algebroid. TFAE:

@ o [M(A)u,T(A)y ]Cr( i)
o a:T(A)u —

@ d:T(AA") — (/\'+1A*) is filtration preserving,
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Infinitesimally Multiplicative Weightings

Definition/Theorem

Suppose A = M is a linearly weighted Lie algebroid. TFAE:

@ o [[(A)w, T(A)H] € T(A)) i+
o a: F(A)(,-) — ff(/\/l)(;),

@ d:T(A®A*) — [(A*TLA*) is filtration preserving,

@ the Poisson bivector on A* has filtration degree zero.
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Infinitesimally Multiplicative Weightings

Definition/Theorem

Suppose A = M is a linearly weighted Lie algebroid. TFAE:

@ o [[(A)w, T(A)H] € T(A)) i+
o a: F(A)(,-) — ff(/\/l)(;),

@ d:T(A®A*) — [(A*TLA*) is filtration preserving,
@ the Poisson bivector on A* has filtration degree zero.

We say A is infinitesimally multiplicatively weighted in this case.
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Infinitesimally Multiplicative Weightings

Definition/Theorem

Suppose A = M is a linearly weighted Lie algebroid. TFAE:

@ o [[(A)w, T(A)H] € T(A)) i+
o a: F(A)(,-) — ff(/\/l)(;),

@ d:T(A®A*) — [(A*TLA*) is filtration preserving,
@ the Poisson bivector on A* has filtration degree zero.

We say A is infinitesimally multiplicatively weighted in this case. A
weighted LA-morphism is weighted VB-morphism ¢ : A — B s.t.

" T(A*B*) = T(A*AY)

is a chain map.
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Infinitesimally Multiplicative Weightings

Theorem
If A= M is infinitesimally multiplicatively weighted then

Vw(A) = Uw(M, N) and 51/\;(/4) = 5w(M, N)

are Lie algebroids. This construction is functorial for weighted
LA-morphisms.
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Differentiation of Multiplicative Weightings

Theorem

If G = M is multiplicatively weighted then Lie(G) = M obtains a
canonical infinitesimally multiplicative weighting. One has that

Lie(vw(G, H)) = vw(Lie(G)) and Lie(Sy(G, H)) = dy(Lie(G))
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Thanks for your attention!



