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Read This First!
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• You need NOT compute answers involving binomials or factorials unless explicitly
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• For any given problem, you may use the back of the previous page for additional
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logical and understandable
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points.
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1. [20 points] Let P, Q, and R be statements, and consider the statement

(⋆) ((P⇒ Q)∧ (Q⇒ R))⇒ (P⇒ R)

(a) Translate the statement (⋆) into an English sentence that would make sense

to a friend of yours who is not a math major. (If you need two sentences, that

is ok.)

(b) Use a truth table to prove that the statement (⋆) is always true.

(c) (Fill in the blank with one word) When explaining (⋆) to a math major, you can

say:

Implication is .

2. [20 points] Suppose that we have functions ƒ : X → Y and g : Y → Z, and assume

that there is a single element z0 ∈ Z with the property that

(⋆) (g ◦ ƒ )() = z0 ∀ ∈ X.

A function that maps everything in the domain to the same element of the codomain

is called a constant function. Thus (⋆) says that g ◦ ƒ : X→ Z is a constant function

(with value z0).

(a) Prove carefully that ƒ (X) ⊆ g−1({z0}).

(b) Define ƒ : R→ R
2 and g : R2 → R by

ƒ (t) = (t2, t2), g(, y) = y − .

Show that g ◦ ƒ : R→ R is a constant function, and tell me what the constant

z0 is.

(c) For ƒ , g and z0 as in part (b), draw a picture of ƒ (R) and (separately) a picture

of g−1({z0}). Are your pictures consistent with part (a)?

3. [20 points] We create phone numbers of the form ∗∗∗-∗∗∗-∗∗∗∗ using the

numerals 0,1,. . . ,9.

(a) How many such phone numbers are there?

(b) If we require that the numerals at each position be distinct and that the phone

number not start with 0, then how many phone numbers are there?

(c) Now assume that we want phone numbers with the following three properties:

– The first three positions use distinct numerals.

– The next three positions use the same numeral.

– The final four positions use numerals that differ from those in the first six

positions.

What is the probability that a randomly chosen phone number satisfies all

three of these conditions? (It is ok if your answer is a messy fraction.)

4. [20 points] Let A = {1,2,3,4}. Consider the following relations on A:

R1 = {(1,1), (2,2), (3,3)} ⊆ A× A

R2 = {(1,1), (2,2), (3,3), (4,4), (2,3)} ⊆ A × A

R3 = {(1,1), (2,2), (3,3), (4,4), (2,3), (3,2), (3,4), (4,3)} ⊆ A× A
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(a) R1, R2, R3 fail to be equivalence relations. For each one, explain what goes

wrong.

(b) For each of R1, R2, R3, tell me what ordered pair or pairs need to be added in

order to get an equivalence relation. In each case, I want the minimal way

of doing this. (You do not need to prove that the result is an equivalence

relation.)

(c) After adding the ordered pairs in part (b), we have three equivalence relations

∼1,∼2,∼3. For each of these, write down the equivalence classes.

5. [20 points] Let ∼ be an equivalence relation on a finite set A with n elements.

Using ∼, we construct a graph G∼ as follows:

• The vertices of G∼ are the elements of the set A.

• Vertices , b ∈ A are connected by an edge of G∼ if and only if  ∼ b. In this

construction,  ∼ b and b ∼  give the same edge connecting  and b.

(a) How many loops does G∼ have? Why?

(b) Draw G∼ for the three equivalence relations ∼1,∼2,∼3 from Question 4.

(c) For a general equivalence relation ∼, how do the equivalence classes of ∼

correspond to the connected components of G∼? You don’t need to prove

anything—just tell me what you think is true.

6. [20 points] Consider the following weighted graph G:
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Find a minimal spanning tree of G. What is the weight of the tree you found?

7. [20 points] This question is concerned with Euler’s Theorem in a directed graph.

(a) By adding a direction to each edge, turn the following graph into a directed

graph for which a directed Euler trail exists. Label where the trail starts and
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ends.
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(b) In the directed graph you drew in part (a), label each vertex with its in-degree

and its out-degree.

(c) In class, we proved the following directed graph version of Euler’s Theorem:

(⋆) A directed graph has an Euler circuit ⇒ in-deg() = out-deg() ∀ .

Formulate (but do not prove) a version of this statement that holds for di-

rected graphs which have an Euler trail that is not a circuit.

(d) Prove the statement formulated in part (c) by adding a suitable directed edge

and then using (⋆). Illustrate your argument using the graph of part (a).

8. [20 points] Let ∼ be an equivalence relation on a set A. Use mathematical induc-

tion to prove that if 1, . . . , n ∈ A for n ≥ 2 and

1 ∼ 2, 2 ∼ 3, . . . , n−1 ∼ n,

then 1 ∼ n.

9. [20 points] We are playing card games that involves a standard deck with 52

cards consisting of four suits: 13 ♥, 13 ♦, 13 ♣, and 13 ♠. In each game:

• Each player receives five cards from the dealer.

• I am the first player to get cards from the dealer..

(a) The dealer deals me a hand consisting of five cards which I shuffle before I

look at them. How many possible hands could I have?

(b) We play a different game where for each player, the dealer lays down the five

cards one at a time, and I compare my five cards to those of the other players

in the order in which they were dealt. How many hands could I have in this

situation?

(c) In the final game, the dealer gives me three cards from one suit and then

two cards chosen from all that remain in the deck. How many possible hands

could I have?
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10. [20 points] We will study the equation 1 + · · ·+ m = n.

(a) What is the number of nonnegative integer solutions of 1+ · · ·+ m = n? The

answer is either

�

n +m − 1

m− 1

�

or

�

m+ n− 1

n− 1

�

, but I forgot which one is correct.

Please explain which formula I should use.

(b) Determine the number of nonnegative integer solutions of 1 + 2 + 3 = 15.

(c) Determine the number of nonnegative integer solutions of 1 + 2 + 3 = 15

that satisfy 1 ≥ 4. Hint: What would you do if you were given a muffin

problem where one person gets at least four muffins?

(d) Use inclusion-exclusion to find the number of nonnegative integer solutions

of the equation 1 + 2 + 3 = 15 that satisfy

0 ≤ 1 ≤ 3 and 0 ≤ 2 ≤ 6 and 0 ≤ 3 ≤ 8.
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