
Math 111, Introduction to Calculus, Fall 2016
Final Exam

Tuesday 20 December

1. (10 points) Let f(x) =
√

3x + 1. Compute f ′(x) using the limit definition of derivative.

2. (5 points each) Compute each of the following limits. Be clear if each limit equals a
value, +∞, −∞, or does not exist.

(a) lim
t→0

(
1

t
− 1

t2 + t

)
(b) lim

x→−6

x2

|6 + x|

(c) lim
x→−∞

x2 − 4x + 7

2x2 + 9

3. (5 points each) Compute each of the following integrals:

(a)

∫ x=1

x=0

(
√
x + 1)x dx

(b)

∫
u cos(u2 + 1) du

(c)

∫ y=2

y=1

2y3

y2 − 5
dy

(d)

∫ x=π/2

x=0

cos(x)

sin2(x)
dx

(e)

∫
es√
es + 1

ds

4. (10 points) You want to make a cardboard box with a square base and no lid. (So you
need cardboard for the base and the four sides.) If you want the volume of the box to
be 4 cubic feet, what is the minimum area of cardboard you would need? (Make sure
you explain how you know your answer really is the minimum area.)

5. (5 points each) Use a linear approximation to estimate the value of each of the following.
Give your answer as a decimal.

(a) ln(0.98)

(b) (8.06)1/3

6. (10 points) Two cars are approaching an intersection. A red car, approaching from the
north, is traveling 30 feet per second and is currently 60 feet from the intersection. A
blue car, approaching from the west, is traveling 20 feet per second and is currently 80
feet from the intersection. How fast is the distance between the two cars decreasing?



7. Snow is falling at the rate of

36

(t + 1)2
centimeters/hour

at time t hours after midnight.

(a) (5 points) Use a Riemann sum with 3 pieces and left-hand endpoints to estimate
the amount of snow that falls between 1am and 4am.

(b) (5 points) Compute the exact amount of snow that falls between 1am and 4am.

8. The number of bacteria cells in a biology experiment is 5000 at time t = 0. Each
bacteria cell divides, on average, twice an hour, each time producing one new cell.

(a) (1 point) If B(t) denotes the number of cells at time t (measured in hours), then
the function B(t) satisfies an equation of the form

dB

dt
= kB.

What is the value of k? Explain your answer.

(b) (2 points) Write down a formula for B(t).

(c) (2 points) How many hours does it take the number of cells in the experiment to
double?

9. (5 points each) Calculate each of the following:

(a) the point in the graph y =
x

lnx
where the tangent line to the graph is horizontal

(b) f ′′(x) if f(x) = e−x
2

(c) the value of
dy

dx
when x = 1, y = 2 if

2xy + x2 = y2 + 1.

(d) g′(1) if g(x) = (x + 1)x

10. Consider the function f(x) given by

f(x) =
x2

4(x− 2)

(a) (1 point) What is the domain of f?

(b) (2 points) Decide if f has any vertical asymptotes and describe the behavior of
the graph y = f(x) near any asymptotes.

(c) (2 points) Decide if f has any horizontal asymptotes and describe the behavior
of the graph y = f(x) near any asymptotes.



Here are the first and second derivatives of f(x):

f ′(x) =
x(x− 4)

4(x− 2)2
, f ′′(x) =

2

(x− 2)3

(d) (5 points) Work out the intervals on which f is increasing and the intervals on
which f is increasing.

(e) (2 points) Does f have a local maximum or local minimum? If so, at what points
do they occur?

(f) (5 points) Work out the intervals on which f is concave up and the intervals on
which f is concave down.

(g) (1 point) Does f have any inflection points? If so, at what points do they occur?

(h) (2 points) Does f have an absolute maximum or minimum? Justify your answers.

(i) (5 points) On the axes below, sketch the curve y = f(x).

11. (a) (5 points) Find the area of the region bounded by the curve y = ex, the line y = 9
and the y-axis.

(b) (5 points) Find the average value of f(x) =
1

x
on the interval [1, e].


