
Math 211-01 Multivariable Calculus, Fall 2016
Final Exam

2:00-5:00 P.M., December 20

1. (10 points)

(a) (5 points) Find the equation of the plane containing the line of intersection of the
planes x− z = 1 and y + 2z = 2 and also perpendicular to the plane x + y + z = 0.

(b) (5 points) Find the distance between the skew lines

x = 1 + t, y = 2t, z = 2 + t

and

x =
1

2
y =

1

3
z.

2. (10 points) We are given the curve ~r(t) = 〈2t, 4
√
t, ln t〉 where 1 ≤ t ≤ e.

(a) (5 points) Find the arc length of this curve.

(b) (5 points) Find the curvature of this curve when t = 1.

3. (10 points) We are given the function f(x, y) =


x2y

x2 + y2
(x, y) 6= (0, 0)

0 (x, y) = (0, 0).

(a) (4 points) Prove that fx(0, 0) = 0 and fy(0, 0) = 0.

(b) (4 points) Use definition to compute the directional derivative D~uf(0, 0) where ~u is
the unit vector pointing in the direction of 〈1, 1〉.

(c) (2 points) Compute ∇f(0, 0) · ~u. Explain why f(x, y) is not differentiable at (0, 0).

4. (10 points)

(a) (5 points) Is the function f(x, y) =

{
xy4

x2+y8
if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)
continuous at (0, 0)?

Prove your claim.

(b) (5 points) Consider the vector field ~F = 〈x, y, z〉.
i. (2.5 points) Is ~F the curl of another vector field? Explain your answer.

ii. (2.5 points) Prove that ~F is a conservative vector field, that is, ~F is the gradient
of some function f(x, y, z).

5. (10 points)

(a) (6 points) Use the Lagrange multiplier method to prove that the absolute maximum
and minimum values of

f(x, y) = x2 + 2y2

subject to the constraint x2 + y2 = 1 are 2 and 1, respectively.



(b) (4 points) Find the absolute maximum and minimum values of the function f(x, y)
in (a) over the closed disk {(x, y) ∈ R2|x2 + y2 ≤ 1}. The answer in (a) is useful
here.

6. (10 points)

(a) (5 points) Evaluate the double integral∫ √π
0

∫ √π
y

cos(x2)dxdy.

(b) (5 points) Rewrite the following triple integral in the order dzdxdy.∫ 1

0

∫ 1

y

∫ z

0

f(x, y, z)dxdzdy.

7. (10 points)

(a) (5 points) Evaluate the triple integral∫ 2

−2

∫ √4−x2
0

∫ 2

√
x2+y2

xzdzdydx

by changing to cylindrical coordinates first.

(b) (5 points) Compute

∫∫∫
E

zdV where E is the solid region inside the sphere

x2 + y2 + z2 = 1 and above the cone z =
1√
3

√
x2 + y2.

8. (10 points)

(a) (5 points) Use Green’s theorem to compute

∫
C

sin(x2)dx + (x + yey
3

)dy where C is

the ellipse 4x2 + 9y2 = 36, in the counterclockwise direction.

(b) (5 points) Evaluate the line integral

∫
C

~F · d~r where ~F = 〈2xyz, x2z, x2y〉 and C is

the polygonal line segment from (0, 0, 0) to (1, 0, 0) and then from (1, 0, 0) to (1, 1, 1).
Hint: Consider using the Fundamental Theorem of Line Integral.

9. (10 points)

(a) (5 points) Compute the surface integral

∫∫
S

1

3
dS where S is the part of the cylinder

x2 + y2 = 9 that is between the planes z = 0 and y + z = 5.

(b) (5 points) Compute

∫∫
S

~F ·d~S where ~F = 〈x, y, z〉 and S is the part of the paraboloid

z = x2 + y2 below z = 4 which is oriented downward.



10. (10 points)

(a) (5 points) Use Stokes’ theorem to evaluate

∫∫
S

(∇× ~F ) · d~S where

~F (x, y, z) = 〈yeyz,−xexz, z2xyexy〉

and S is the half of the sphere x2 + y2 + z2 = 9, z ≥ 0, oriented upward.

(b) (5 points) Let D be a simple closed planar region on the x− y plane. The solid E is
defined by {(x, y, z) ∈ R3|(x, y) ∈ D, g1(x, y) ≤ z ≤ g2(x, y)} where g1 and g2 are wo
smooth functions defined on D. If R(x, y, z) is a real-valued smooth function defined
on R3, prove that ∫∫

∂E

R~k · d~S =

∫∫∫
E

RzdV,

where ∂E is given the outward orientation. You cannot use the divergence theorem,
because you are actually proving part of it.


