
MATH 220, Fall 2016

Final Exam

Sunday, December 18, 2016

1. (20 points) Let A be a set and let R ⊆ A× A. Consider the statement

∀a, b, c ∈ A, [(a, b) ∈ R ∧ (b, c) ∈ R] =⇒ (a, c) ∈ R

(a) Write the converse of the statement.

(b) Write the contrapositive of the statement.

(c) Write the negation of the statement.

2. (15 points) Prove part of DeMorgan’s Law for two sets. Let A and B be sets, show

Ac ∩Bc = (A ∪B)c.

3. (15 points) Prove that n! > 2n for all natural numbers n ≥ 4.

4. (20 points) Suppose there are 6 cookies, 5 brownies, and 9 cupcakes left at a party

with 20 people. (You do not need to simplify your answers to this question.)

(a) How many ways can the desserts be distributed so that each person gets one.

(b) How many ways can they be distributed with no restriction on how many each person

receives?

5. (20 points) Define f : N → N ∪ {0} as follows; for any n ∈ N write n = pe11 pe22 . . . pekk
where p1, p2, . . . pk are distinct prime numbers, define f(n) = e1 + e2 + · · ·+ ek.

(a) Explain why f is a well-defined function.

(b) Is f injective? Justify your answer.

(c) Is f surjective? Justify your answer.

6. (25 points) Let f : A→ B be a function and C ⊆ A.

(a) Show C ⊆ f−1(f(C)).

(b) Show C = f−1(f(C)) if f is one-to-one.
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(c) Give a counterexample to the statement: For all functions f : A → B and C ⊆ A,

C = f−1(f(C)).

7. (15 points) Show that |(0,∞)| = |[0,∞)|. (Hint: You may want to use the Shröder-

Bernstein Theorem.)

8. (15 points) If a graph is chosen at random from all simple graphs on 5 vertices. What

is the probability that it has exactly 3 edges? (You do not need to simplify your answer to

this question.)

9. (15 points) Consider the floor plan of a building shown below. Is it possible to plan a

walk through the building which starts and ends outside the building and goes through each

doorway exactly once?

(a) Draw a graph to help you answer this question.

(b) Answer the question asked above. If it is possible to plan such a walk, draw one out on

the diagram above, if not, explain why not.

10. (20 points) Let G be a graph with adjacency matrix

A =


0 1 0 0

1 0 1 1

0 1 0 0

0 1 0 0


(a) How many walks of length 3 are there from v1 to v2?

(b) Draw the graph G.

(c) Describe each of the walks of length 3 from v1 to v2?

11. (20 points) Let G be the graph from problem 10.

(a) If we define a relation R on the vertices of G by viRvj if there is a walk of length 2 from

vi to vj, is R is an equivalence relation? If so, find the equivalence classes of R.
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(b) If we define a relation S on the vertices of G by viSvj if there is a walk of length 3 from

vi to vj, is S an equivalence relation? If so, find the equivalence classes of S.

Bonus #1: Let G be the graph from problem 10. Find the number of walks on G of length

n from v1 to v2. Prove your answer.

Bonus #2: Prove the following version of Euler’s Theorem for directed graphs.

Let G be a directed graph. If there is an Eulerian circuit on G then the out degree of v

equals the in degree of v for each v ∈ V (G).

What can you say about a directed graph that has an Eulerian trail?
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