
Math 345 Functions of a Complex Variable, Fall 2016
Final Exam, 2:00-5:00 P.M., December 19

1. (10 points)

(a) (3 points) Sketch the image of the closed disk |z − 1| ≤ 1 under the map z2 on the
complex plane.

(b) (4 points) Sketch the images of the curve x = 1 under the three branches of z
1
3 on

the same complex plane. Also sketch the asymptotes.

(c) (3 points) Prove that if |z| = 1, then |z2 + 5|/|5z2 + 1| = 1.

2. (10 points)

(a) (3 points) Use definition to prove that f(z) = z2 is analytic on C.

(b) (4 points) Prove that f(z) = ez is analytic on C. State any theorem you used.

(c) (3 points) Prove that f(z) = Logz is analytic on C\(−∞, 0]. State any theorem you
used.

3. (10 points)

(a) (6 points) Find a sequence of conformal mappings whose composite maps C\(−∞, 0]
conformally onto the open unit disk |z| < 1.

(b) (4 points) Prove that there is no one-to-one and analytic (thus conformal) maps from
C onto the open unit disk.

4. (10 points)

(a) (4 points) We know that u(x, y) = ln(
√
x2 + y2) is harmonic on C\{0}. Prove that

u does not have a harmonic conjugate on C\{0}.
(b) (4 points) Prove that if f(z) is an analytic function on the simply-connected domain

D, then there is an analytic function F (z) on D such that F ′(z) = f(z).

(c) (2 points) Give an example of an analytic function f(z) over a non-simply-connected
domain D such that there is no F (z) on D satisfying F ′(z) = f(z).

5. (10 points)

(a) (3 points) Calculate the integral

∫
|z|=2

z10

(z − 1)4
dz.

(b) (2 points) Calculate the integral

∫
|z|=2

z10

(z − 3)4
dz.

(c) (5 points) Suppose f and g are analytic functions on the the common domain D.
Prove that if f(z)g(z) = 0 for all z ∈ D, then either f(z) = 0 for all z ∈ D or
g(z) = 0 for all z ∈ D.



6. (10 points) Consider the function f(z) =
1

z2 − 2z
.

(a) (3 points) Find the Laurent series expansion centered at 0 of f(z) over the punctured
disk 0 < |z| < 2.

(b) (3 points) Find the Laurent series expansion centered at 0 of f(z) over the exterior
domain |z| > 2.

(c) (4 points) Find the Laurent series expansion centered at −1 of f(z) over the annulus
1 < |z + 1| < 3.

7. (8 points)

(a) (4 points) Prove that z = i is an essential singularity of the following function

f(z) = e
1

z2+1 .

Hint: Show that z = i is neither a pole nor a removable singularity.

(b) (4 points) Let V be the complex vector space of functions that are analytic on the
extended complex plane except possibly at the points 0, 1 and ∞ where they have
poles of order at most two. Give a basis for V . What is the dimension of V ?

8. (12 points)

(a) (6 points) Compute

∫ ∞
−∞

cosx

x2 + 1
dx. Consider a contour integral of

eiz

z2 + 1
. Justify

all your claims.

(b) (6 points) Compute

∫ ∞
0

x1/2

x2 + 1
dx. Consider integration over a keyhole contour.

Justify all your claims.

9. (10 points) By the fundamental theorem of algebra and division algorithm, we know
there are in total 2016 roots counting multiplicity of the following polynomial defined
on the complex plane. In this problem, we will find more precise information about the
distribution of the roots.

p(z) = z2016 + 2017z + 1821.

(a) (5 points) Use the argument principle and the interpretation of the logarithmic
integral to find the number of roots of p(z) on the first quadrant.

(b) (5 points) Use Rouché’s theorem to find the number of roots of p(z) on the open
annulus 1 < |z| < 2.

10. (10 points)

(a) (4 points) State the Schwarz lemma.

(b) (6 points) Let D be the unit disk {z ∈ C : |z| < 1}. Prove that if f : D → D is
analytic with an analytic inverse f−1 : D → D and f(0) = 0, then f is a rotation,
that is, g(z) = eiθz for some fixed θ ∈ R.


