
Math 211-04 Multivariable Calculus, Fall 2017
Final Exam
December 22

1. (10 points)

(a) (5 points) Find an equation for the plane that passes through the point (1,3,5) and
contains the line

x = 5t, y = 1 + t, z = 3− t.

(b) (5 points) Find an equation for the tangent plane to the surface zex
2−y2 = 2 at the

point (1,−1, 2).

2. (10 points) C is the curve of intersection of the two surfaces

y = x2 and z = x2 − y2.

(a) (2 points) Write down a parametrization ~r(t) of C. (Hint: let x = t.)

(b) (3 points) Find the symmetric equation of the tangent line to C at the point (1, 1, 0).

(c) (5 points) Compute the curvature of C at the point (1, 1, 0).

3. (10 points) Consider the function

f(x, y) =


x2 − y3 + y2

x2 + y2
if (x, y) 6= (0, 0)

1 if (x, y) = (0, 0).

(a) (4 points) Compute fx(0, 0) and fy(0, 0).

(b) (4 points) Use the ε− δ proof to show that lim
(x,y)→(0,0)

f(x, y) = 1.

(c) (2 points) Is f(x, y) continuous at (0, 0)? Explain.

4. (10 points)

(a) (5 points) Let ~u = 〈0, 1〉 and f(x, y) = xy + y2. Compute D2
~uf(x, y). You can use

the formula
D~ug(x, y) = ∇g(x, y) · ~u

directly without justifying that g(x, y) is differentiable.

(b) (5 points) Consider the vector field ~F = 〈x, y, z〉 defined on R3.

i. (2 points) Compute the curl and divergence of ~F .

ii. (3 points) Is there another vector field ~G defined on R3 such that ~F is the curl

of ~G? Explain.



5. (10 points)

(a) (5 points) Find the critical points of the function

f(x, y) = exy
2 − x

and decide whether each critical point is a local maximum, local minimum or saddle
point.

(b) (5 points) Use the Lagrange Multiplier Method to find the absolute maximum and
minimum values of the function

f(x, y) = x+ 2y

subject to the constraint x2 + y2 = 4.

6. (10 points)

(a) (5 points) Evaluate the double integral

∫ 1

0

∫ 1

x2

x sin(y2)dydx. (Hint: Switch the order

first.)

(b) (5 points) Let A be the planar region described by |x|+ |y| ≤ 1. Evaluate the double
integral ∫∫

A

ex+ydxdy

by using the change of variables u = x+ y and v = x− y.

7. (10 points)

(a) (5 points) Compute the surface integral

∫∫
S

1

16
dS where S is the part of the cylinder

y2 + z2 = 4 which is between the planes x = 0 and x+ y = 4.

(b) (5 points) Rewrite the following triple integral in spherical coordinates. Do not
evaluate. ∫ a

−a

∫ √a2−x2

0

∫ −a+√a2−x2−y2

−a−
√

a2−x2−y2
(x2 + y2 + z2)dzdydx.

8. (10 points)

(a) (5 points) Let C be the curve parametrized by ~r(t) =
〈
t, 3t, t2

〉
for 0 ≤ t ≤ 2, and

let f(x, y, z) = x+ y. Compute ∫
C

fds.



(b) (5 points) Let ~F (x, y) = 〈2xy + 6x2, x2 − y3〉.

i. (2 points) Show that ~F is conservative by finding a potential function f(x, y)

for ~F .

ii. (3 points) Let C be the curve parametrized by ~r(t) = 〈t(t − 2), t2(t − 3)〉, for

1 ≤ t ≤ 3. Compute

∫
C

~F · d~r.

9. (10 points)

(a) (5 points) Let S be the portion of the surface z = 4−x2− y2 in the first octant, and
let C be the boundary of S, oriented clockwise when viewed from above. (Note
that C consists of three arcs, one in each of the three coordinate planes.) Use Stokes’

Theorem to compute

∫
C

~F · d~r, where ~F (x, y, z) = 〈x5, xy, sin z〉.

(b) (5 points) Let S be the closed surface consisting of the upper half of the sphere
x2 + y2 + z2 = 4 with z ≥ 0, together with the disk x2 + y2 ≤ 4 in the xy-plane,
oriented outward. Let ~G(x, y, z) = 〈xz, 3yz, x2y〉. Use the Divergence Theorem to

compute the flux

∫∫
S

~G · d~S of ~G through S.

10. (10 points)

(a) (6 points) Let D be the planar region bounded by the curve C, where C is the ellipse
x2/a2 + y2/b2 = 1 oriented in the counterclockwise direction.

i. (3 points) Use Green’s Theorem to prove that the area of D can be computed

as the line integral

∫
C

−ydx.

ii. (3 points) Compute the area of D using the above line integral.

(b) (4 points) The planar region D is defined by

{(x, y) ∈ R2|g1(x) ≤ y ≤ g2(x), a ≤ x ≤ b},

where y = g1(x) and y = g2(x) are two smooth functions defined on R. If P (x, y) is
a real-valued smooth function defined on R2, prove that∫

C

Pdx =

∫∫
D

−PydA,

where C is the counterclockwise-oriented boundary curve of D. You cannot use
Green’s theorem, because you are actually proving part of it.


