
MATH 220, Fall 2017

Final Exam

Wednesday, December 20, 2017

1. (20 points) Let C be a collection of sets. Consider the following statement.

C ⊆P(S) ∧ |C | ≥ 5 =⇒ ∃A,B ∈ C such that |A| = |B|

(a) Find the contrapositive of the statement.

(b) Find the negation of the statement.

(c) Carefully write the statement in words.

(d) If S = {1, 2, 3} is the statement true or false?

2. (20 points) Let A, B, and C be sets.

(a) Prove A× (B ∪ C) = (A×B) ∪ (A× C).

(b) If |A| = 4, |B| = 5, |C| = 7, and |B ∩ C| = 3 find |(A×B) ∪ (A× C)|.

3. (20 points) Let r be any real number. Prove the following statement by induction on

n.

∀n ≥ 0,
n∑

i=0

ri =
1− rn+1

1− r

4. (20 points) Prove that 3 divides n2 + 2 if and only if 3 does not divide n.

5. (20 points) You do not need to simplify your answers in this question.

(a) If Maria wants to buy a dozen donuts from a bakery with 10 different options, how many

ways can Maria make her selection?

(b) Now suppose Maria bought 4 glazed, 5 chocolate, and 3 jelly donuts. She brings them to

a party where there are 12 people (including Maria). In how many ways can the donuts

be distributed so that each person gets one.

6. (20 points) Let F be the set of all functions from A = {1, 2, 3} to B = {4, 5, 6, 7}.

(a) Find |F |.

(b) How many functions in F are injective?
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(c) If we choose a function f from F at random (all possibilities are equally likely) then

what is the probability that f(1) = 4 and f is injective?

7. (20 points) Let (B,≤) be a partially ordered set and let f : A → B be a function.

Define a relation # on A by x#y if and only if f(x) ≤ f(y).

(a) Prove that # is a quasiorder on A.

(b) Give a necessary and sufficient condition on the function f for # to be a partial order

on A.

8. (20 points) Let f : A→ B be a function.

(a) Prove the statement: For all C,D ⊆ B, f−1(C ∩D) = f−1(C) ∩ f−1(D).

(b) Give a counterexample to the statement: For all C,D ⊆ A, f(C ∩D) = f(C) ∩ f(D).

9. (20 points) A simple graph G with vertex set {v1, v2, v3, v4, v5} has the following

adjacency matrix. 
0 1 1 0 0

1 0 0 1 0

1 0 0 1 1

0 1 1 0 0

0 0 1 0 0


(a) Draw the G, label the vertices.

(b) Is there an Eulerian trail on G. If so describe it.

(c) Is there an Eulerian circuit on G. If so describe it.

10. (20 points) Consider the following directed graph.

v1

v2 v3

(a) Find the adjacency matrix of the graph.

(b) How many walks of length three are there from v1 to v2? Describe each of them.
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