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Introduction: classical Duistermaat-Heckman measure

@ Given T O (X,w) & t*, under suitable assumptions:
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Introduction: classical Duistermaat-Heckman measure

@ Given T O (X,w) & t*, under suitable assumptions:

wtop

top!

HBH = [ ( ) = VOlred - flLeb

o Here volq associates to £ € t* the symplectic volume of u~1(¢)/T;
e It is a polynomial on t*.
Goal: extend this to (suitable) Hamiltonian actions of symplectic
groupoids.
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Outline

@ Basics of Hamiltonian actions of symplectic groupoids;

@ Duistermaat-Heckman measures for PMCTs;
© Results:

o The free case;
o The locally free case.
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Symplectic groupoids and their Hamiltonian actions

@ A symplectic groupoid is a Lie groupoid G = M with a multiplicative
symplectic form Q € Q?(G);
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Symplectic groupoids and their Hamiltonian actions

@ A symplectic groupoid is a Lie groupoid G = M with a multiplicative
symplectic form Q € Q?(G);

@ An action
G, C 2 (X,w)
(M, )

is called Hamiltonian if a*w = priQ + prjw € Q%(G ¢x, X).
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DH measures for PMCTs

@ A PMCT is a Poisson manifold which can be integrated by a
s-connected symplectic groupoid with some compactness type;
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o In this talk: s-properness;
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DH measures for PMCTs

@ A PMCT is a Poisson manifold which can be integrated by a
s-connected symplectic groupoid with some compactness type;

o In this talk: s-properness;
@ In the regular case, one has analogues of the Duistermaat-Heckman
results:

o The leaf space is an integral affine orbifold;
e There is “linear variation” wrt this structure;
o There is a polynomial Duistermaat-Heckman measure on the leaf space.
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DH measures for PMCTs

o Let (G,Q) = (M, 7) be regular, s-connected and s-proper;
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DH measures for PMCTs

o Let (G,Q) = (M, 7) be regular, s-connected and s-proper;
@ Affine measure on the leaf space:
o IAS is presented by a lattice A C v*(F,) = density pa on v(Fy);
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DH measures for PMCTs

o Let (G,Q) = (M, 7) be regular, s-connected and s-proper;
@ Affine measure on the leaf space:
o IAS is presented by a lattice A C v*(F,) = density pa on v(Fy);

e This defines a measure p,¢ on the leaf space;
o Explicitly, it arises on M as the measure s associated to the density

’ top
Wr

& ;
to p‘ Paff;
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DH measures for PMCTs

o Let (G,Q) = (M, 7) be regular, s-connected and s-proper;
@ Affine measure on the leaf space:

IAS is presented by a lattice A C v*(F;) = density pagr on v(Fr);
This defines a measure i, on the leaf space;
Explicitly, it arises on M as the measure pp associated to the density

’ top
Wr

& ;
to p‘ Paff;

o They are related by
Pt = VOl - LUagf
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DH measures for PMCTs

o Let (G,Q) = (M, 7) be regular, s-connected and s-proper;
@ Affine measure on the leaf space:

IAS is presented by a lattice A C v*(F;) = density pagr on v(Fr);
This defines a measure i, on the leaf space;
Explicitly, it arises on M as the measure pp associated to the density

’ top
Wr

& ;
to p‘ Paff;

o They are related by
Pt = VOl - LUagf

e Here p: M — B is projection to the leaf space, and vol associates to
beB

# connected comp’s of isotropy x symplectic volume of leaf;
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DH measures for PMCTs

@ The Duistermaat-Heckman measure is defined as

Qtop
poH = (pos). < ) :

top!
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DH measures for PMCTs

@ The Duistermaat-Heckman measure is defined as

Qtop
poH = (pos). < ) :

top!

Theorem (Crainic, Fernandes, Martinez-Torres)
We have

,U'%H = VO]~2 " Haff-

Moreover, vol is a polynomial on B.
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Hamiltonian actions: the free case

@ Suppose now we have a free Hamiltonian action

(6.0 = (Xw)

|

(M, )

with G = M regular, s-connected and s-proper and p proper with
connected fibres;
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Hamiltonian actions: the free case

@ Suppose now we have a free Hamiltonian action

(6.0 = (Xw)

(M, )

with G = M regular, s-connected and s-proper and p proper with
connected fibres;

@ Then X/G is a regular Poisson manifold of s-proper type and the
integration ((X ,x, X)/G,w ® —w) is symplectically Morita
equivalent to (G, Q).
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Hamiltonian actions: the free case

@ One can show that given a symplectic Morita equivalence

91[ [21/ \92“92)
Ml, 7T1 M27 772)

N

between regular, s-connected and s-proper groupoids, we have

wtop

LpH = (pi o i)« ( > = voly - vola - faff;

top!
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Hamiltonian actions: the locally free case

@ When the action is only locally free, the quotient X /G is in general
not smooth;
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Hamiltonian actions: the locally free case

@ When the action is only locally free, the quotient X /G is in general
not smooth;

o It is still a Poisson orbifold, presented by

gx X = (X,L),

o HereL={v+w+i,w|veTO,w e ker(du)} is the (regular)
Dirac structure presenting the Poisson structure;
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Hamiltonian actions: the locally free case

@ When the action is only locally free, the quotient X /G is in general
not smooth;

o It is still a Poisson orbifold, presented by

gx X = (X,L),

o HereL={v+w+i,w|veTO,w e ker(du)} is the (regular)
Dirac structure presenting the Poisson structure;

@ The leaf space of L can be thought of as the leaf space of X/G.
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Hamiltonian actions: the locally free case

o Actually (X,LL) is a DMCT:
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Hamiltonian actions: the locally free case

o Actually (X,LL) is a DMCT:
(WG =X, % Gx, X,w® Q& —w) = (X,L)

is a presymplectic groupoid integrating it;
@ This gives the leaf space an integral affine orbifold structure;

e There is then also the affine measure paf;
top

@ We can once again define p3,, as the pushforward of tonl
op!
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Hamiltonian actions: the locally free case

@ The Morita equivalence

induces an isomorphism of the leaf spaces as integral affine orbifolds,
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Hamiltonian actions: the locally free case

@ The Morita equivalence

induces an isomorphism of the leaf spaces as integral affine orbifolds,

@ Hence

w wtop
ton = (P o 1)« (top!) :
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Hamiltonian actions: the locally free case

Proposition
We have
M%H = vol - VOlyeq * Haff,

where vol,.q associates to b € B

# connected comp'’s of isotropy X symplectic volume of reduced space.

Moreover, vol,eq is a polynomial on B.
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Are there any questions?
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