
Math 211, Section 02, Spring 2015

Final Exam, Wednesday, May 13, 2015

Instructions: Do all twelve numbered problems. If you wish, you may also attempt the three
optional bonus questions. Show all work, including scratch work. Little or no credit may
be awarded, even when your answer is correct, if you fail to follow instructions for a
problem or fail to justify your answer. If your answer for a given problem is a sum of
fractions with different denominators, you may leave it that way. Otherwise, simplify your
answers whenever possible. If you have time, check your answers.

WRITE LEGIBLY. NO CALCULATORS.

1. (10 points) Calculate the equation of the tangent plane to the surface

x2y + y2z + z2x = 7

at the point (1, 1, 2).

2. (15 points) At a particular time, the temperature (in degrees Fahrenheit) at location
(x, y) (measured in miles) is given by the formula

T (x, y) = (x− 1) 3
√

11− y + 80.

2(a) (9 points) Amherst is located at the point (4, 3). Find the directional derivative of
the temperature function at Amherst in the direction of the vector 〈3,−2〉.

2(b) (6 points) Starting at Amherst, in which direction should someone travel in order
to make the temperature decrease as fast as possible? (Give your answer as a vector; don’t
forget to justify.)

3. (20 points) Let f(x, y) =


3y5

(2x2 + y2)2
if (x, y) 6= (0, 0),

0 if (x, y) = (0, 0).

3(a) (6 points) Compute fx(0, 0) and fy(0, 0).

3(b) (9 points) Compute D~uf(0, 0), where ~u is the unit vector pointing in the direction
of 〈−1,−1〉.

3(c) (5 points) Explain why f is not differentiable at (0, 0).

4. (20 points) Consider the curve C parametrized by ~r(t) = 〈et cos t, et sin t, et〉.
4(a) (10 points) Calculate the arc length of the portion of C between the points (1, 0, 1)

and (e2π, 0, e2π).

4(b) (10 points) Calculate the curvature of C at the point (1, 0, 1).

5. (15 points) Find and classify the critical points of the function f(x, y) = x2 ln(y)− y2.

6. (20 points) Find the absolute maximum and absolute minimum values of the function

f(x, y) = x2y − 3y2

on the region {(x, y) | x2 + y2 ≤ 9}.



7. (20 points) Find the volume of the solid bounded by the surfaces z = 2y, y = 0, z = 4,
x = 0, and x = y2.

8. (20 points) Let E be the solid enclosed by the paraboloids z = x2+y2 and z = 8−x2−y2.
Suppose that the density of E at the point (x, y, z) is y2. Compute the mass of E.

9. (20 points) Compute

∫∫
S

〈x2, z, y〉 ·d~S, where S is the portion of the cone z =
√

x2 + y2

beneath the plane z = 1 and in the first octant, oriented downward.

10. (20 points) Let ~F (x, y) =
〈
x2 + y cos(xy), y + x cos(xy)

〉
.

10(a) (12 points) Show that ~F is conservative by finding a potential function for ~F .

10(b) (8 points) Let C be the arc of the curve y = 2(x− 1)4 running from (1, 0) to (0, 2).

Compute

∫
C

~F · d~r.

11. (20 points) Let C be the curve in the plane that starts at the point (0,−3), goes
straight up the y-axis to the point (0, 3), and then proceeds clockwise around the right half

of the circle x2 + y2 = 9 back to the point (0,−3). Compute

∫
C

xy dx +
√

y3 + 1 dy.

12. (20 points) Let S1 be the upper hemisphere of radius 2 centered at the origin, i.e.,
x2 + y2 + z2 = 4 for z ≥ 0. Let S2 be the disk of radius 3 in the xy-plane, i.e., z = 0 and
x2 + y2 ≤ 4. Let S = S1 ∪ S2 be the union of these two surfaces, oriented outward, and let

~F (x, y, z) = 〈y2z, yz2, x4 sin(y)〉. Compute

∫∫
S

~F · d~S.

OPTIONAL BONUS A. (2 points) Prove that the function

f(x, y) =


6x2 − 3x2y2 + 4y2

3x2 + 2y2
if (x, y) 6= (0, 0)

2 if (x, y) = (0, 0)

is differentiable at (0, 0).

OPTIONAL BONUS B. (2 points) Let C be the curve that lies in the surface z =
Y 3 − xy + 2 directly above the boundary of the rectangle 0 ≤ x ≤ 2, 0 ≤ y ≤ 1. Compute∫
C

cos(x3) dx + z2 dy − yz dz, if C is oriented counterclockwise when viewed from above.

OPTIONAL BONUS C. (1 point) There has been discussion and debate recently sur-
rounding proposed US involvement in a trade agreement known by the abbreviation TPP.
What does TPP stand for?


