
Math 220-02 Final Exam

Math 220 Section 02 Final Exam May 2015

1. [15 points] Let P and Q be statements, and consider the statement

((P ⇒ Q) ∧ (¬Q)) ⇒ ¬P.

(a) Give an informal explanation of why this statement is always true.

(b) Use a truth table to prove that the statement is always true.

2. [15 points] Let f : X → Y be a function.

(a) Let A ⊆ X be a subset of X. Write down the definition of f(A).

(b) Let A ⊆ X and B ⊆ X be subsets of X. Prove that f(A) \ f(B) ⊆ f(A \B).

3. [20 points] Here is the floor plan for a small museum:
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I’ve visited the museum many times, so to make the next visit more interesting, I’ve set myself
the challenge of starting outside (marked O) and then walking through the museum so that
I pass through every doorway exactly once and end up outside where I started. It is ok if I
visit a room multiple times. The first room I will visit is marked A and the last is marked B.
Question: Is this possible?

(a) Translate this into a problem in graph theory and draw the appropriate graph.

(b) Use a theorem proved in class to solve the graph theory problem in part (a).

(c) If the graph theory problem has a positive solution, then tell me the sequence of rooms
that I should visit.

4. [15 points] Let R ⊂ A×A be a relation and define

R ◦R = {(a, c) ∈ A×A | ∃b ∈ A such that (a, b) ∈ R and (b, c) ∈ R}.

Prove that if R is transitive, then R ◦R ⊆ R.

5. [20 points] Consider the following graph G:
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(a) Compute χG(k). You do not need to simplify your answer.

(b) Use the answer to part (a) to determine χ(G).

6. [15 points] Consider the following weighted graph G:
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Use Kruskal’s algorithm to find a minimal spanning tree of G.

7. [15 points] Let A = {1, 2, 3, 4} and suppose that ∼ is an equivalence relation on A described
by the equivalences

1 ∼ 1, 2 ∼ 2, 3 ∼ 3, 4 ∼ 4, 1 ∼ 2, 2 ∼ 1, 3 ∼ 4, 4 ∼ 3

You may assume that this is equivalence relation on A.

(a) Compute [1], [2], [3] and [4]. Also describe the resulting partition of A.

(b) Let a, b ∈ A be elements of A such that a ∼ b. Now remove a ∼ b from the above list of
equivalences. Explain carefully why the resulting shorter list is not an equivalence relation
on A.

8. [15 points] Use mathematical induction to prove that

−1 + 2− 3 + 4− · · · − (2n− 1) + 2n = n

for all integers n ≥ 1. This can be stated more succinctly as

2n
∑

i=1

(−1)ii = n.

9. [15 points] This problem will study cycles in bipartite graphs.

(a) Draw two copies of the complete bipartite graph K3,3. On one copy, draw a 4-cycle, and
on the other copy, draw a 6-cycle.
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(b) Now let G be an arbitrary bipartite graph. Explain why G cannot have a cycle of odd
length. You do not need to give a formal proof; rather you want to convince me that you
understand why this can’t happen. Include a picture.

10. [20 points] We want to construct lists of length four using the letters a, b, c, d, where repetitions
are allowed. Thus

abcd, aaaa, dcba, dcca

are legal lists.

(a) How many lists are there?

(b) How many lists are there in which a occurs in the first place or b occurs in the second
place (or both)?

(c) How many lists are there in which a occurs exactly once?

11. [20 points] Suppose that a graph G has vertices V = {v1, v2, v3, v4} with adjacency matrix

A =









1 1 0 1
1 0 1 2
0 1 1 1
1 2 1 0









.

(a) Draw G and label the edges however you want.

(b) Compute A2.

(c) Use the answer to part (b) to determine the number of walks of length 2 from v1 to v2.
State the theorem that are you using here.

(d) In part (c), you computed the number of walks of length 2 from v1 to v2. Describe these
walks explicitly using the edges you labeled in part (a).

12. [15 points] A dance competition has 40 dancers.

(a) In one part of the competition, three judges each award a blue ribbon to the best dancer.
The three blue ribbons are identical, and one dancer can get more than one blue ribbon
(and many will get none). In how many ways can this be done?

(b) In another part of the competition, the dancers (all unique individuals) are divided into
three skill levels (beginners, intermediates, and experts). In how many ways can this be
done?

(c) In part (b), suppose instead that the judges decide in advance that there will be 15
beginners, 15 intermediates, and 10 experts. In how many ways can the dancers be
assigned into these skill levels?
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