
Discussing or relaying in any way the contents of the exam

to anyone is prohibited !

Thank you for your understanding and cooperation!



M272 Final Exam Name

1. Diagonalize the matrix A =

[
1 4
2 3

]
and show the similarity transformation.

In order to make this problem shorter, please notice that

[
1
1

]
is an eigenvector.



2. Prove or disprove the following statements.

(a) The transformation T : M2×2 → R of taking the 2× 2 determinant T (A) = det(A) is linear.

(b) If A,B are the same size matrices then (A+B)2 = A2 + 2AB +B2.

(c) If A,B are invertible square matrices then (A+B)−1 = A−1 +B−1.



3. Consider the subset V ⊂ P3 defined by V = {p(x) ∈ P3 | p(−1) = 0 and p(1) = 0}.
(a) Prove that V is a subspace of P3.

(b) Find a basis for V . What is the dimension of V ?



4. Express the line L in R3 spanned by the vector ~v = 〈1, 1, 1〉 as the image of a matrix A and as the kernel of
a matrix B. In other words, find a matrix A such that im(A) = span(~v) and also find a matrix B such that
ker(B) = span(~v).

5. Find scalars a, b, c, d, e, f, g such that the vectors 〈a, b, c〉, 〈d, 1, e〉, 〈f, g, 1/2〉 are orthonormal.



6. Fill in each blank with an appropriate word or short phrase that correctly completes the sentence using linear
algebra terminology. The completed sentences should be mathematically and grammatically correct.

(a) If the dimension of the kernel of a matrix A is then the transformation T (x) = Ax is
.

(b) If {v1,v2} is a pair of nonzero vectors that are not parallel to one another, then R2 is by
the vectors v1,v2.

(c) If λ is of the matrix A then the matrix A− λI is .

(d) The of a line in R3 is a plane.

(e) The least squares linear approximation of a function f(x) on an interval [a, b] is the of f(x)
onto .

7. Each of the following sentences is incorrect. Correct the error in each statement by changing one or more words.
The corrected sentences should be mathematically and grammatically correct.

(a) The adjoint of a matrix A multiplied times the determinant of A is equal to the inverse of A.

(b) If the equation Ax = 0 has the trivial solution then the columns of the matrix A are linearly dependent.

(c) If the solution set of the equation Ax = 0 has a free variable then it is a linearly dependent system.

(d) The column space of a matrix A is the set of columns of A.

(e) The vectors v1,v2,v3,v4 are linearly dependent if and only if one vector is a multiple of another.



8. Fit a linear function of the form f(x) = ax+ b to the data points (0, 3), (1, 3), (1, 6) using least squares.



9. The trace of a matrix is the sum of the diagonal entries, i.e. trace

([
a b
c d

])
= a+ d.

Define an inner product on M2×2 by the formula 〈A,B〉 = trace(ABT ).
Consider the two matrices

M1 =

[
1 1
0 1

]
and M2 =

[
3 −2
1 −1

]
.

(a) Find the norm of the matrix M1.

(b) Find the angle between the matrices M1 and M2.



10. BONUS/OPTIONAL Consider a square matrix A that has the property ker(A2) =ker(A3).
Is it then implied that ker(A3) =ker(A4) ? Either way prove your result in order to justtify your claim.


