
Math 350, Section 02, Spring 2016

Final Exam, Due FRIDAY, MAY 13, 2016, at 1:00 PM!!!
Take-home: open book and open notes

Instructions: Do all eight problems (totalling 200 points). There are also two optional bonus
problem worth a total of 5 points.
Answers must be written neatly and legibly in the order that the corresponding
problems appear on the exam.
You must fully justify your answers. Simple algebraic deductions need not be explained,
but other leaps of logic require a word or two of justification. You may use theorems (and
lemmas, etc.) from class or the book to do so; however, make sure you verify all the relevant
hypotheses of any theorem you use, and reference the source. (E.g., “By Theorem 12.1,”
or “By Lagrange’s Theorem,” or “By Exercise 13.22,” etc.) Unless otherwise noted, you
may quote only theorems that we covered or exercises that were assigned (not
challenge problems). If you are not sure whether some argument or statement requires
further justification, please ask me about it.
You may use the book (Saracino, Sections 0–13 and 16–21 only), handouts from the course,
and your own notes. You may not use other books, later sections of Saracino, notes other
than your own, online information, other people, or any other outside sources. You may not
discuss the problems with anyone other than me. (Not even to mention casually that, say,
“Number 14 is pretty easy.”) On the other hand, please feel free to come talk to me about the
exam. I won’t necessarily give very helpful responses (depending on what you ask), but you
never know.
The exam is due at 1 PM on the Friday of exam period. You may hand it to me in person in
my office, or slip it under my door. You may hand it in as early as you want, even days early,
but no extensions will be granted. Any exam not handed in by the due date at 1:00 PM
sharp will be graded as a zero.

1. (15 points) Let G1 and G2 be groups, and let φ : G1 → G2 be a homomorphism with kernel
K. Let a ∈ G1. Prove that {

x ∈ G1

∣∣φ(x) = φ(a)
}

= Ka.

2. (25 points) Let n ≥ 2 be an integer, let G be a group of odd order, let e ∈ G be the identity
element, and let φ : Sn → G be a homomorphism.

2(a) Let τ ∈ Sn be a transposition. Prove that φ(τ) = e.

2(b) For any σ ∈ Sn, prove that φ(σ) = e.
(Hint: use part (a).)

3. (15 points) Let G1, G2, G3 be groups, and let φ : G1 → G2 and ψ : G2 → G3 be homo-
morphisms. Suppose that ψ is onto. Suppose also that ψ ◦ φ is the trivial homomorphism, i.e.,
ψ ◦ φ(g1) = e3 for every g1 ∈ G1, where e3 is the identity element of G3.

3(a) Prove that kerψ ⊇ φ(G1).

3(b) If kerψ = φ(G1), prove that G3
∼= G2/φ(G1).



4. (30 points) Let F be a field, and define

Aut(F) = {φ : F→ F |φ is a bijective ring homomorphism}

4(a) Show that Aut(F) forms a group under composition.

4(b) Let S ⊆ F be a subset. Define

H = {φ ∈ Aut(F)
∣∣φ(a) = a for all a ∈ S}.

Prove that H is a subgroup of Aut(F).

5. (25 points) Let R be a ring, and let I ⊆ R be an ideal. Prove that

R/I is commutative ⇐⇒ ∀x, y ∈ R, xy − yx ∈ I.

6. (35 points) Let R be a commutative ring, and let I ⊆ R be an ideal. Define

J = {r ∈ R
∣∣ there is an integer n ≥ 1 such that rn ∈ I}.

6(a) Prove that J is an ideal of R.

6(b) Prove that the quotient ring R/J contains no nonzero nilpotent elements.

7. (30 points) Use the ideas of Section 20 to construct a field of order 125. As always, you
must justify all claims you make along the way.

8. (25 points) Let F3 denote the field of three elements (that the book calls Z3). Find two
polynomials f, g ∈ F3[X] such that f and g are both irreducible and of degree four, and
yet f and g are not constant multiples of one another.
Don’t forget to justify that your f and g have all the required properties.

BONUS A. (3 points) Let M =

[
a b
c d

]
be a matrix with integer entries and nonzero determi-

nant detM = ad− bc 6= 0. Let G = Z× Z, and let H =
{

(ax+ by, cx+ dy)
∣∣x, y ∈ Z

}
, which

is a subgroup of the group G. Prove that [G : H] = | detM |.

BONUS B. (2 points) Let R =
{
a + b

√
7
∣∣ a, b ∈ Z

}
, viewed as a subset of R, with addition

and multiplication as in R. You may take my word for it that R is a commutative ring with
unity. Prove that R has infinitely many units.


