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Name:

Read This First!

• This is a closed-book examination. No books, notes, phones, communication devices of any
sort, or other aids are permitted. Phones are to be turned off and out of sight.

• Please read each question carefully. Show ALL work clearly in the space provided.

• If you do scratch work before a proof, please label the scratch work clearly.

• If your proof uses a theorem proved in class, tell me which theorem. You don’t need to give
the number or full statement of the theorem number; just say enough so that I know which
theorem you mean (e.g., Mean Value Theorem).

• For any given problem, you may use the back of the previous page for additional work space.
(This is a good place for scratch work.)

• In order to receive full credit on a problem, your solution must be complete, logical and
understandable

• The exam consists of Questions 1–10, which total to 140 points.

Grading - For Instructor Use Only

Question: 1 2 3 4 5 6 7 8 9 10 Total

Points: 14 14 14 10 18 14 14 14 14 14 140

Score:
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1. Suppose we have nonempty subsets A,B ⊆ R that are bounded above. Define

A+B = {a+ b | a ∈ A, b ∈ B}.

(a) [4 points] Prove that A+B is bounded above.

(b) [10 points] Prove that sup(A+B) ≤ sup(A) + sup(B).

2. (a) [4 points] State the ε-N definition of what it means for a sequence (an) of real numbers
to converge to a ∈ R.

(b) [10 points] Assume that sequences (an) and (bn) converge to real numbers a and b respec-
tively. In other words, (an) → a and (bn) → b. Use the definition given in part (a) to
prove that (an + bn)→ a+ b.

3. (a) [3 points] Define what it means for a sequence of functions (fn) defined on A ⊆ R to
converge uniformly on A to a function f : A→ R.

(b) [3 points] Define what it means for a function g : A→ R to be bounded.

(c) [8 points] Suppose that g : A→ R is a bounded function. For each n ∈ N, define

fn(x) =
g(x)

n
.

There is a function f : A→ R such that (fn) converges uniformly to f on A. Find f and
prove that the convergence is uniform on A.

4. [10 points] Suppose that we have open sets Oλ ⊆ R for all λ in some index set Λ. Prove that

the union O =
⋃
λ∈Λ

Oλ is an open set.

5. Consider the sequence (xn) defined by x1 = 2 and xn+1 = 1
2(xn + 6).

(a) [6 points] Prove that xn ≤ 6 for all n.

(b) [8 points] Prove that (xn) converges.

(c) [4 points] Find limxn.

6. (a) [6 points] In class, we defined A ⊆ R to be closed if its complement is open. Explain
(without proof) what if means for A to be closed in terms of (1) limit points and (2)
sequences.

(b) [8 points] Suppose A is closed and (xn) is a Cauchy sequence with xn ∈ A for all n ∈ N.
Prove that (xn) converges to a point of A. Please give a proof that uses the ε-N definition
of convergence and the fact that the complement of A is open.

7. (a) [10 points] Let A be a non-empty subset of R that is bounded above and let s = sup(A).
Prove that there exists a sequence (xn) with xn ∈ A for all n ∈ N and limxn = s.

(b) [4 points] Give an example of a non-empty bounded subset A of R such that sup(A) is
NOT a limit point of A. (No proof needed.)
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8. (a) [4 points] State the Mean Value Theorem.

(b) [5 points] Use the Mean Value Theorem to prove that for all real numbers x < y, we have

| cos(x)− cos(y)| ≤ |x− y|.

(c) [5 points] Prove that cos(x) is uniformly continuous on R.

9. Consider the power series
∞∑
n=1

xn

2nn2
.

(a) [4 points] Prove that the series has radius of convergence R = 2.

(b) [10 points] Use the Weierstrass M -test to prove that the series converges uniformly on
[−2, 2].

10. Suppose that bounded functions f, g; [a, b]→ R satisfy f(x) ≤ g(x) for all x ∈ [a, b].

(a) [3 points] Define what it means for P to be a partition of [a, b].

(b) [4 points] Prove that U(f, P ) ≤ U(g, P ) for any partition P of [a, b]. Continue on the next
page for parts (c) and (d) of the problem.

Recall that f(x) ≤ g(x) ∀x ∈ [a, b]. In part (b), you proved that U(f, P ) ≤ U(g, P ).

(c) [4 points] Prove that U(f) ≤ U(g).

(d) [3 points] Explain why part (c) implies that
∫ b
a f ≤

∫ b
a g when f and g are integrable.
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