
MATH 260 Differential Equations, Spring 2018
Final Exam

May 8

1. (10 points) Consider the first order ODE ẋ = x
1
3 .

(a) (5 points) Find a solution to this ODE with x(0) = 1. Is the solution unique for t in some
interval (−τ, τ)?

(b) (5 points) Prove that x(t) = (23 t)
3
2 , t ≥ 0, is a solution to this ODE with x(0) = 0. Then

find infinitely many solutions to this ODE with x(0) = 0.

2. (10 points)

(a) (5 points) The system ẋ = ax − xex depends on the parameter a. Sketch its bifurcation
diagram. What type of bifurcation does the system undergo at the bifurcation value?

(b) (5 points) The system ṙ = ar−r3, θ̇ = 1 depends on the parameter a. Sketch its bifurcation
diagram. What type of bifurcation does the system undergo at the bifurcation value?

3. (12 points)

(a) (5 points) Suppose the second order ODE ~̇x = ~F (~x) is linear, i.e., if ~x and ~y are solutions
and c is a real number, then both ~x + ~y and c~x are also solutions. Prove that ~F (~x) must
be of the form A~x, where A is a 2 by 2 matrix.

(b) (7 points) Consider the second order ODE ẋ = x− y, ẏ = x+ y.

i. (5 points) Find the solution to the system with x(0) = 2 and y(0) = 1.

ii. (2 points) Let xn+1 = f(xn) be the Poincaré map obtained by intersecting trajectories
of the ODE with the x-axis. If xn 6= 0, then is |xn+1| greater than |xn|, equal to |xn|,
or less than |xn|? Justify your claim.

4. (10 points)

(a) (6 points) Consider the system ẋ = y − x2, ẏ = −x+ x3.

i. (3 points) Prove that if (x(t), y(t)) is a solution to the system , then so is (−x(−t), y(−t)).
ii. (3 points) Are trajectories near (0, 0) closed orbits? Justify your claim.

(b) (4 points) Given a system ~̇x = ~F (~x), where ~F (~x) is a continuously differentiable function
over R2, suppose h(x, y) is a continuously differentiable function defined on R2 such that
∇·(h(x, y)~̇x) > 0 for all (x, y) on R2. Prove that the system does not have closed trajectories.
Hint : Use the 2D divergence theorem∫∫

D
∇ · 〈P,Q〉dA =

∫
C
〈P,Q〉 · ~nds,

where D is the region bounded by the CCW-oriented simple closed curve C and ~n is the
outward-pointing unit normal vector field along the curve C.



5. (8 points)

(a) (5 points) The vector field for the system ~̇x = ~F (~x) is continuously differentiable on R2. In
polar coordinates, the system is

ṙ = r(1− r2(1 + sin2 2θ)),

θ̇ = 1 + 4r2 cos θ sin3 θ.

Does the system have a closed trajectory? (You can assume that the system has exactly
one fixed point and it is (0, 0).)

(b) (3 points) Is there a 2D vector field ~F (~x) which has an isolated fixed point with index −2?
Justify your claim?

6. (10 points)

(a) (2 points) At noon (12:00 P.M.), the hour hand and the minute hand on a clock are aligned
exactly for the first time. At what time will they be aligned for for the third time?
Round your answer to the nearest minute.

(b) (4 points) Consider the system θ̇1 = ω1, θ̇2 = ω2 on a torus with initial condition θ1(0) = 0,
θ2(0) = 0.

i. (2 points) If ω1 = 1 and ω2 = 2, sketch the trajectory on the planar square torus with
horizontal axis θ1 and vertical axis θ2.

ii. (2 points) If ω1 = 1 and ω2 =
√

2, describe in words what the trajectory looks like.

(c) (4 points) Consider the system θ̇1 = 3 + 2 sin(θ2 − θ1), θ̇2 = 1 + 2 sin(θ1 − θ2) on a torus.

i. (3 points) What is the stable fixed point value φ∗s of the phase difference φ := θ1 − θ2?
ii. (1 point) Find the constant ω∗ for which θ̇1 = θ̇2 = ω∗ and θ1(t)− θ2(t) = φ∗s.

7. (20 points) Consider the Lorenz system

ẋ = −σx+ σy
ẏ = rx− y − xz
ż = xy − bz,

where σ, b, r are three positive constants.

(a) (5 points) Prove that if r < 1, then (0, 0, 0) is a linear stable node.

(b) (5 points) Use the function E(x, y, z) = 1
σx

2 + y2 + z2 to prove that if r < 1, then (0, 0, 0)
is globally stable, i.e., all trajectories go to (0, 0, 0) as t→∞.

(c) (5 points) Is (0, 0, 0) an attractor when r < 1? Justify your claim.

(d) (5 points) Prove that volume V (t) in phase space exponentially decreases to 0.

Hint: Prove that V̇ (t) = (−σ − 1− b)V (t) first.



8. (10 points) Consider the logistic map xn+1 = rxn(1− xn) where 0 ≤ r ≤ 4 and 0 ≤ xn ≤ 1.

(a) (4 points) Prove that if r = 1, then x∗ = 0 is a stable fixed point.

(b) (4 points) It is a fact that p =
r+1−
√

(r+1)(r−3)
2r and q =

r+1+
√

(r+1)(r−3)
2r form a period-2

cycle of the logistic map for certain r values. Prove that when r = 3.2, this period-2 cycle
is stable.

(c) (2 points) Define the Feigenbaum constant (for the logistic map).

9. (10 points)

(a) (5 points) A baker’s map (xn+1, yn+1) = B(xn, yn) is given by

xn+1 =

{
2xn if 0 ≤ xn < 1/2
2xn − 1 if 1/2 ≤ xn ≤ 1

and yn+1 =

{
1
4yn if 0 ≤ xn < 1/2
1
4yn + 1/2 if 1/2 ≤ xn ≤ 1,

Let I2 be the Cartesian product of the unit interval I = [0, 1] with itself and A =
∩∞n=1B

n(I2). Compute the dimension of A.

(b) (5 points) The Hénon map (xn+1, yn+1) = T (xn, yn) is given by

xn+1 = yn + 1− ax2n
yn+1 = bxn,

where a and b are two parameters satisfying a > 0 and 0 < b < 1. Prove that each
application of T uniformly shrinks area by a factor of b, i.e., for any region R on the
xy-plane,

Area(T (R)) = b ·Area(R).


