
Math 355: Intro to Analysis
Final Exam

• Attempt problems 1-7. Problems 8 and 9 are optional.

• Justify all your answers. (If you are unsure whether or not something requires
further justification, you are welcome to ask me.) Please write clearly and legibly,
and cross out or erase anything that you do not want graded.

• No textbooks, websites, calculators or outside help may be used on this exam.

• All discussion about this exam is strictly prohibited (including conversations about
how easy/hard a question is, and how much progress you have made so far).

1. (a) (5 points) State the Axiom of Completeness.

(b) (10 points) Use the Axiom of Completeness to prove that an increasing sequence
of real numbers that is bounded above converges.

2. (a) (5 points) State the Cauchy Criterion for a series
∑∞

n=1 an to converge.

(b) (10 points) Suppose that a series
∑∞

n=1 |an| converges. Prove that this implies
that the series

∑∞
n=1 an converges.

3. Let f : R→ R and let c ∈ R.

(a) (5 points) What does it mean to say that f is differentiable at c?

(b) (10 points) Let f : [0, 1]→ R be given by

f(x) =

{
0 x = 0

x2 sin 1
x

x > 0.

Show f ′(0) = 0.

4. (a) (5 points) State the Mean Value Theorem.

(b) (10 points) Suppose that f : R → R such that for all x ∈ R, f ′(x) = 0. Use
the Mean Value Theorem to prove that there exists a c ∈ R such that for all
x ∈ R we have that f(x) = c. (Hint: Show that f(x) = f(0) for every x ∈ R.)

5. Let fn(x) =
x2 + nx

n
.

(a) (4 points) Find the pointwise limit f of the sequence of functions (fn).

(b) (6 points) Determine whether or not the convergence is uniform on R.
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6. Let g(x) =
∑∞

n=1
x

x2+n2 .

(a) (6 points) Show that the series g(x) converges pointwise for all x ∈ R.

(b) (6 points) Show that g(x) converges uniformly on [−10, 10].

(c) (3 points) Explain how we know g(x) is uniformly continuous on [−10, 10].
(You may keep your explanation brief for this part, but make sure you clearly
state the relevant theorems.)

7. (a) (10 points) Prove that if f : [a, b] → R is continuous, then f is Riemann
integrable on [a, b].

(b) (2 points) Is the converse of this statement true or false? In other words, is it
the case that if f is Riemann integrable on [a, b], then f is continuous on [a, b]?

(c) (3 points) Give an example of a sequence of functions (fn) that converges
uniformly to a limit f on R such that f is integrable but no fn is integrable.

8. Optional Bonus Problem: (3 points) Show that the set [0, 1) has the same
cardinality as (0, 1).

9. Optional Bonus Problem: (3 points) Given a ∈ R, let ga(x) = 5x4−4ax3+3x2+1.
Show that there exists a point x ∈ (0, 1) such that ga(x) = 3− a.

2


